
Section 3.5
Gaussian distribution 

(also called normal distribution)



Most simple version of Gaussian dist.

Plot of pdf:  

Def:  A r.v. 𝑍 has the standard normal dist. (or standard Gaussian dist.) 
if it has density function

𝜙 𝑥 =
1

2𝜋
𝑒−

𝑥2

2 ,              Notation:  Z ∼ 𝑁(0,1).
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Standard normal 

Cdf also gets a special symbol:

Φ 𝑥 = 𝑃 𝑍 ≤ 𝑥 = න
−∞

𝑥

𝜙 𝑠 𝑑𝑠 =
1

2𝜋
න
−∞

𝑥

𝑒−
𝑠2

2 𝑑𝑠

Plot of CDF:
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Why the factor of 
1

2𝜋
?

Pf:  

Fact:  ׬−∞
∞
𝑒−

𝑥2

2 𝑑𝑥 = 2𝜋 so         
1

2𝜋
∞−׬
∞
𝑒−

𝑥2

2 𝑑𝑥 = 1
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Why called “standard normal”

• Fact:  If 𝑍 ∼ 𝑁 0,1 has 𝐸𝑍 = 0, 𝑉𝑎𝑟 𝑍 = 1

This is why 𝑍 is called standard normal.  
To get a whole family of (non-standard) normal r.v.s, just consider
𝑋 = 𝜎𝑍 + 𝜇 for different values of 𝜎 and 𝜇.

Let us find the dist of 𝑋.  First:

𝐸𝑋 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

𝑉𝑎𝑟 𝑋 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽
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Cdf and pdf of 𝑋 = 𝜎𝑍 + 𝜇

Cdf:  𝐹 𝑠 = 𝑃 𝑋 ≤ 𝑠 =

Pdf:  𝑓 𝑠 =
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(General) Normal dist (or Gaussian dist)

Plot:            𝜎 small                                                         𝜎 large                             

Def:  A r.v. 𝑍 has the normal dist. (or Gaussian dist.) if it has density 
function

f 𝑥 =
1

2𝜋𝜎
𝑒
−
(𝑥−𝜇)2

2𝜎2 ,         for some 𝜇 ∈ ℝ, 𝜎 > 0.

Notation:  Z ∼ 𝑁(𝜇, 𝜎2).
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Rescaling, translating → still Gaussian

Fact:  If 𝑋 ∼ 𝑁 𝜇, 𝜎2 , and 𝑌 = 𝑎𝑋 + 𝑏, then 𝑌 ∼ 𝑁(⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽).

In particular,  
𝑋−𝜇

𝜎
∼
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Ex)  𝑋 ∼ 𝑁(−3, 5).  What is 𝑃 4 𝑋 + 5 > 2 ?
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