
Section 3.4
Variance



Ex)  𝑋 ∼ 𝑈𝑛𝑖𝑓 −1000, 1000 , 𝑌 ∼ 𝑈𝑛𝑖𝑓[−1,1]

Both have same mean (i.e., expected value), 𝐸𝑋 = 𝐸𝑌 = 0. But 𝑋
“varies much more”, i.e., is usually much farther from its mean.  

We need a statistic to capture this.
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Variance

Notation:  𝜎2 = 𝜎2 𝑋 = 𝑉𝑎𝑟 𝑋 = “variance of 𝑋”

𝜎 ≔ 𝑉𝑎𝑟 𝑋 = “standard deviation of 𝑋”

Note:  𝜎 = 𝔼 𝑋 − 𝜇 2 ≠ 𝔼(𝑋 − 𝜇)

Def:  Let 𝑋 be a r.v. with mean 𝜇.  The variance of 𝑋 is
𝑉𝑎𝑟 𝑋 ≔ 𝔼 𝑋 − 𝜇 2
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Calculating 𝑉𝑎𝑟(𝑋)

Set 𝑔 𝑋 = 𝑋 − 𝜇 2 so 𝑉𝑎𝑟 𝑋 = 𝔼𝑔(𝑋).  

Now use formula for 𝔼𝑔(𝑋):

Recall:  𝜇 ≔ 𝔼𝑋

Calculating variance: 

Discrete case:  𝑉𝑎𝑟 𝑋 = σ𝑘 𝑘 − 𝜇 2𝑝 𝑘

Continuous case:  𝑉𝑎𝑟 𝑋 = ∞−׬
∞

𝑥 − 𝜇 2𝑓 𝑥 𝑑𝑥
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Ex)  𝑋 ∼ 𝑈𝑛𝑖𝑓 −1000, 1000 , 𝑌 ∼ 𝑈𝑛𝑖𝑓[−1,1]

In both cases, 𝜇 = ⎽⎽⎽⎽

𝑉𝑎𝑟 𝑋 = 𝔼 ⎽⎽⎽⎽ = 𝔼 ⎽⎽⎽⎽ = ⎽⎽⎽⎽⎽⎽⎽⎽⎽׬ =

𝑉𝑎𝑟 𝑌 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽
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Ex)  𝑋 ∼ 𝐵𝑒𝑟𝑛(𝑝), 𝑉𝑎𝑟 𝑋 = ?
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Facts about variance, expectation

1. 𝑉𝑎𝑟 𝑋 = 0 ⇔ X is a ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

2. 𝔼 𝑋1 + 𝑋2 + …+ 𝑋𝑛 = 𝔼𝑋1 + 𝔼𝑋2 + …+ 𝔼 𝑋𝑛

⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

3. 𝑉𝑎𝑟 𝑋1 + 𝑋2 + …+ 𝑋𝑛 = 𝑉𝑎𝑟 𝑋1 + 𝑉𝑎𝑟 𝑋2 + …+ 𝑉𝑎𝑟 𝑋𝑛

⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

4. 𝔼 𝑎 𝑋 + 𝑏 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

5. 𝑉𝑎𝑟 𝑎𝑋 + 𝑏 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

6. 𝑉𝑎𝑟 𝑋 = 𝔼 𝑋 − 𝜇 2 = 𝔼𝑋2 − 𝜇2
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Property 6, method to calculate variance

𝑉𝑎𝑟 𝑋 = 𝔼 𝑋 − 𝜇 2 = 𝔼𝑋2 − 𝜇2

Proof (of second equality):  𝔼 𝑋 − 𝜇 2 =

Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan


Yaniv Plan




Q) You choose from two games to play:

1. Flip four coins, you win $1 for each head, or

2. Flip one coin, if it is heads, you win $4.

Which is better?
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Ex)  𝑋 ∼ 𝐵𝑖𝑛(𝑛, 𝑝).  𝑉𝑎𝑟 𝑋 =

Ex)  𝑋 ∼ 𝐺𝑒𝑜𝑚 𝑝 . 𝑉𝑎𝑟 𝑋 =
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