Section 3.4

Variance



Ex) X ~ Unif[-1000,1000], Y ~ Unif[—1,1]

Both have same mean (i.e., expected value), EX = EY = 0. But X
“varies much more”, i.e., is usually much farther from its mean.

We need a statistic to capture this.
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Variance X
|

e L D
Def: Let X be ar.v. with mean u. The variance of X is

Var(x) = B(X - u)Zj

- )

Notation: % = g%(X) = Var(X) = “variance of X”

—

0 = \/Var(X) = “standard deviation of X”

Note: o = /E(X — p)? # E(X — p) //\(@ X) =« g (X)

Ex) X= ;’ “ 3 U=  RUsS Ero= 0
LHS: [Exe =VE1 =] = ¢
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Calculating Var(X)

Set g(X) = (X — n)* soVar(X) = Eg(X).

Now use formula for Eg(X):

e Calculating variance:
—2&)
Discrete case: Var(X) = Y.(k — u)*p(k)

\Continuous case: Var(X) = ffooo(x — w)?*f(x)dx

Recall: u = [EX
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Ex) X ~ Unif[=1000,1000], Y ~ Unif[—1,1]
In both cases, u = O

Var(X) = E K X
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Ex) X ~ Bern(p), Var(X) =7
M= EX=F

_ 2
\/q/(x> _ g?é(,,a/f = k&'ﬁ

2 l
= @_p) '(—/9> + P (- p
7 o
7o) S

= (=) Wj(fd p)
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Facts about variance, expectation

1. Var(X) =0 & Xisa_Coastart
2. E[X;+X,+ ..+ X, ] =EX; +EX, + ..+ EX,

QKWQ;’/f . < g /DM/'/ S ¢ FU S Lx/',C{S
3. Var(X;+X,+ ..+X,) =Var(Xy) + Var(X,) + ...+ Var(X,)

115 X Gre indep . £ s zxfﬁfj
4. E[laX +b] = _a E/"x? +b
5 Var(aX +b) = _a° Var(X)
(6. Var(X) = E(X —,u),2 = EX* — u* Z

L ===

_—
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Property 6, method to calculate variance

[ Var(X) = E(X — p)? = EX? — i?

Proof (of second equality): E(X — u)? = E[){Zv 2.4 X +/L427
— Ex2~ :ZMEX %’EMZ
= [E}(z— ?M'M%MZ = Eleuz /
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Q) You choose from two games to play:

= Vav(X) 2 Va, (XZ) Vel
1. Flip four coins, you win $1 for each head, or ~
4 \/ur<7<4>

= ISR 5 N A
w J X Et <q/7:,%2—2 — L}”\/afé}d(héb

2. Flip one coin, if it is heads, you win $4. »
— L)L' , l— . /L _ )
T: W}mf\;/\jf Z 2 .,-

Which is better? \/
=(r) = V. . [Ser
) Virfo-
= 1673

EY=5:0+2.4=2
\/\/?’l(,é\ éla; /D,,,, 0 |fari aac @ 7
\/é/é() \/4/()( #)@4—)( k)(q,)
/I
@ern ()

N =

)
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