
Section 3.3
Expectation



Ex)  Casino game:  You roll a die, if it comes out 3, you win $6 
(otherwise, you win nothing).  How much would you be willing to pay 
to play this game?

What if game is more complicated?  How do you decide how much is a 
fair price to play?



Expected value

Meaning:  Weighted average of values 𝑋𝑋 can take.

Ex) Roll die, outcome is 𝑋𝑋.

Def:  The expected value (or mean or expectation) of r.v. 𝑋𝑋 is:

Discrete case:  𝔼𝔼𝔼𝔼 ≔ ∑𝑘𝑘 𝑘𝑘 𝑝𝑝(𝑘𝑘)

Continuous case:  𝔼𝔼𝔼𝔼 ≔ ∫−∞
∞ 𝑥𝑥 𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑
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Ex)  Let 𝑋𝑋 be the amount of money you gain in previous game, so 

𝑝𝑝 0 =
5
6

, 𝑝𝑝 6 =
1
6

Then, 𝐸𝐸𝐸𝐸 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

Ex)  Flip 3 coins, 𝑋𝑋 = number of heads.

𝑋𝑋 ∼ ⎽⎽⎽⎽

𝐸𝐸𝐸𝐸 = ⎽⎽⎽⎽
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Ex)  𝑋𝑋 ∼ 𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈[𝑎𝑎, 𝑏𝑏]

𝔼𝔼𝔼𝔼 = ⎽⎽⎽⎽

Ex)  𝑋𝑋 has pdf 𝑓𝑓 𝑥𝑥 = �
1
𝑥𝑥2

, 𝑥𝑥 ≥ 1
0, 𝑥𝑥 < 1

Ex) 𝑋𝑋 has pdf 𝑓𝑓 𝑥𝑥 = 1
2 𝜋𝜋

𝑒𝑒−
𝑥𝑥2

2
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Expected value of a sum

Fact:  𝔼𝔼 𝑋𝑋1 + 𝑋𝑋2 + … + 𝑋𝑋𝑛𝑛 = 𝔼𝔼𝑋𝑋1 + 𝔼𝔼𝑋𝑋2 + … + 𝔼𝔼𝑋𝑋𝑛𝑛
(even if r.v.s 𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑛𝑛 are dependent!) 

Ex)  𝑋𝑋 ∼ 𝐵𝐵𝐵𝐵𝐵𝐵 𝑛𝑛, 𝑝𝑝 . 𝔼𝔼𝔼𝔼 =?
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𝑋𝑋= number of pairs of students who share a birthday.
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Expected value of 𝑋𝑋 ∼ 𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺(𝑝𝑝)
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Expectation of non-negative r.v.

Fact:  If X only takes non-negative values, then
• Discrete case:  𝔼𝔼𝔼𝔼 ≔ ∑𝑘𝑘=1∞ 𝑃𝑃(𝑋𝑋 ≥ 𝑘𝑘), assuming 𝑋𝑋 takes values 

in {0, 1, 2, … }.

• Continuous case:  𝔼𝔼𝔼𝔼 ≔ ∫0
∞𝑃𝑃(𝑋𝑋 ≥ 𝑥𝑥) 𝑑𝑑𝑑𝑑
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Expected value of 𝑋𝑋 ∼ 𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺(𝑝𝑝)



Expected value of a function of  a r.v.

Fact:  Let the range of r.v. 𝑋𝑋 be contained in the domain of real-
valued function 𝑔𝑔.  Then,

• Discrete case:  𝔼𝔼𝔼𝔼(𝑋𝑋) ≔ ∑𝑘𝑘 ⎽⎽⎽⎽ 𝑝𝑝(𝑘𝑘)

• Continuous case:  𝔼𝔼𝔼𝔼(𝑋𝑋) ≔ ∫−∞
∞ ⎽⎽⎽⎽ 𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑
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Moments of a r.v.

Def:  The nth moment of r.v. 𝑋𝑋 is 𝔼𝔼𝑋𝑋𝑛𝑛.

Ex)  Let 𝑋𝑋 ∼ 𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈[0,1].  What is nth moment of 𝑋𝑋?
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