
Section 3.2
Cumulative distribution function



Kinds of random variables (and how their 
probability dist. can be characterized)

Continuous r.v.s
have pdf

Discrete r.v.s
have ⎽⎽⎽⎽
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Cumulative distribution function (cdf)

Goal:  A function which characterizes the probability dist. for any r.v., 
continuous, discrete, or other.

Def:  The cumulative distribution function (cdf), 𝐹𝐹, of a random 
variable 𝑋𝑋 satisfies

𝐹𝐹 𝑠𝑠 = 𝑃𝑃(𝑋𝑋 ≤ 𝑠𝑠) for all 𝑠𝑠 ∈ ℝ.

Fact:  The cdf completely characterizes the probability dist. of a r.v.
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Meaning:  Given just the cdf, we can always determine 𝑃𝑃(𝑋𝑋 ∈ 𝐵𝐵).
Ex)  Given cdf: 𝐹𝐹 𝑠𝑠 , 𝑠𝑠 ∈ ℝ , what is 𝑃𝑃(𝑋𝑋 ∈ 𝑠𝑠, 𝑡𝑡 )?

𝑃𝑃 𝑋𝑋 ≤ 𝑡𝑡 = 𝑃𝑃 𝑋𝑋 ≤ 𝑠𝑠 ∪ {𝑋𝑋 ∈ 𝑠𝑠, 𝑡𝑡 }

Thus, 𝑃𝑃 𝑋𝑋 ∈ 𝑠𝑠, 𝑡𝑡 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

Fact:  The cdf completely characterizes the probability dist. Of a r.v.
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Ex)  𝑋𝑋 ∼ 𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈[0,1]

𝑃𝑃 𝑋𝑋 ≤ 𝑠𝑠 = ⎽⎽⎽⎽ for 𝑠𝑠 < 0,
𝑃𝑃 𝑋𝑋 ≤ 𝑠𝑠 = ⎽⎽⎽⎽ for 𝑠𝑠 ∈ [0,1],
𝑃𝑃 𝑋𝑋 ≤ 𝑠𝑠 = ⎽⎽⎽⎽ for 𝑠𝑠 > 1,

𝐹𝐹 𝑠𝑠 = �

1

10

𝐹𝐹(𝑠𝑠)
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Cdf for continuous r.v.

Ex)  Suppose 𝑋𝑋 has pdf 𝑓𝑓 𝑥𝑥 = �𝑒𝑒
−𝑥𝑥 for 𝑥𝑥 ≥ 0

0 for 𝑥𝑥 < 0

Then, for 𝑠𝑠 < 0, 𝐹𝐹 𝑠𝑠 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

For 𝑠𝑠 > 0,𝐹𝐹 𝑠𝑠 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

Fact:  If 𝑋𝑋 is continuous, with pdf 𝑓𝑓, then the cdf satisfies:

𝐹𝐹 𝑠𝑠 = 𝑃𝑃 𝑋𝑋 ≤ 𝑠𝑠 = �⎽⎽⎽⎽⎽⎽⎽⎽
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Finding pdf from cdf (for continuous r.v.)

Recall:  𝐹𝐹 𝑠𝑠 = ∫−∞
𝑠𝑠 𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑

Thus, 𝑓𝑓 𝑠𝑠 = ⎽⎽⎽⎽⎽⎽⎽⎽

Ex)  F 𝑠𝑠 = �
1, 𝑠𝑠 > 1
𝑠𝑠2, 𝑠𝑠 ∈ [0,1]

0, 𝑠𝑠 < 0
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Cdf for discrete r.v.
Ex)  𝑋𝑋 = # of heads on two coin flips
P X ≤ 𝑠𝑠 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽ for 𝑠𝑠 ≤ 0
𝑃𝑃 𝑋𝑋 ≤ 𝑠𝑠 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽ for 𝑠𝑠 ∈ 0,1
𝑃𝑃 𝑋𝑋 ≤ 𝑠𝑠 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽ for 𝑠𝑠 ∈ 1,2
𝑃𝑃 𝑋𝑋 ≤ 𝑠𝑠 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽ for 𝑠𝑠 ≥ 2
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Identify graph of cdf
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Finding pmf given cdf

Ex)                             𝐹𝐹

Fact:  Suppose r.v. 𝑋𝑋 has cdf 𝐹𝐹 which is piecewise constant. Then 𝑋𝑋 is a discrete 
r.v.  The values that 𝑋𝑋 can take are the places where 𝐹𝐹 has jumps.  If 𝑥𝑥 is such a 

point, then 𝑃𝑃(𝑋𝑋 = 𝑥𝑥) is the size of the jump.
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