
Chapter 3
Random variables
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Section 3.1
Probability distributions

Abbreviation:  distribution = dist.



Recall:

Probability dist. for r.v. 𝑋𝑋 is set of all probabilities {𝑃𝑃 𝑋𝑋 ∈ 𝐵𝐵 }

Probability mass function (pmf):  For discrete r.v. p k = P(X = k)

Relationship:  𝑃𝑃 𝑋𝑋 ∈ 𝐵𝐵 = ∑
𝑘𝑘∈𝐵𝐵

𝑝𝑝(𝑘𝑘)
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Ex)  Flip 2 coins.  𝑋𝑋 = number of heads
Pmf:  𝑝𝑝 0 = ⎽⎽⎽⎽, 𝑝𝑝 1 = ⎽⎽⎽⎽, 𝑝𝑝 2 = ⎽⎽⎽⎽

Probability distribution:

𝑃𝑃 𝑋𝑋 ∈ 0,1 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽ = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

𝑃𝑃 𝑋𝑋 ∈ 0,2 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽ = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

𝑃𝑃 𝑋𝑋 ∈ 0,1,2 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽ = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽
⋮
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Q)  What if 𝑋𝑋 is not discrete?

Ex)  𝑋𝑋 is uniformly chosen from [0,1].
𝑃𝑃 𝑋𝑋 = 𝑘𝑘 = ⎽⎽⎽⎽

How to find 𝑃𝑃 𝑋𝑋 ∈ 𝐵𝐵 ?

Ex) 𝑃𝑃 𝑋𝑋 ∈ .5, 1 = ⎽⎽⎽⎽
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Ex)  𝑋𝑋 is uniformly chosen from [0,1]

⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽ 𝑃𝑃 𝑋𝑋 ∈ 𝐵𝐵 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽
0 𝑎𝑎 𝑏𝑏 𝑐𝑐 𝑑𝑑 1
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Probability density function

Ex) If 𝑋𝑋 is drawn uniformly from [0,1] then 𝑋𝑋 has pdf

𝑓𝑓 𝑥𝑥 = �
1 𝑥𝑥 ∈ [0,1]
0 𝑥𝑥 ∉ [0,1]

Q)  What if 𝑋𝑋 is drawn uniformly from 0, 2 ? 

Def:  We say that a r.v. 𝑋𝑋 has probability density function (pdf) 𝑓𝑓 if 

𝑃𝑃 𝑋𝑋 ≤ 𝑎𝑎 = �
−∞

𝑎𝑎
𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑
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Note:  Not every random variable has a pdf.

E.g., discrete random variables don’t have pdfs
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If 𝑋𝑋 has pdf 𝑓𝑓 then:

• We call X a continuous r.v.

• 𝑃𝑃 𝑋𝑋 ∈ 𝑎𝑎, 𝑏𝑏 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽ = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

• 𝑃𝑃 𝑋𝑋 ∈ 𝐵𝐵 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

• 𝑃𝑃 𝑋𝑋 = 𝑘𝑘 = ∫𝑘𝑘
𝑘𝑘 𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑 = 0 i.e., 𝑃𝑃(𝑋𝑋 takes one particular value) = 0

• Pdf must satisfy ∫−∞
∞ 𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑 = ⎽⎽⎽⎽,  𝑓𝑓 𝑥𝑥 ≥ ⎽⎽⎽⎽
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Ex)  Uniform r.v.

Ex)  Let 𝑋𝑋 ∼ 𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈[3,7].  What is 𝑃𝑃 𝑋𝑋 ∈ 3,4 ?

𝑓𝑓 𝑥𝑥 = 𝑃𝑃 𝑋𝑋 ∈ 3,4 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽ = ⎽⎽⎽⎽

Def:  Let 𝑋𝑋 have pdf

𝑓𝑓 𝑥𝑥 =

Then we say 𝑋𝑋 has uniform distribution on [𝑎𝑎, 𝑏𝑏], i.e., 𝑋𝑋 ∼ 𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈[𝑎𝑎, 𝑏𝑏]
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Note:  𝑓𝑓(𝑥𝑥) can be > 1

Ex)  𝑋𝑋 ∼ 𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈 0, 1
2
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Non-uniform example:

Q) Let 𝑋𝑋 have pdf 𝑓𝑓 𝑥𝑥 = �
1
𝑥𝑥2

𝑥𝑥 ≥ 1
0 𝑥𝑥 < 1

𝑃𝑃 𝑋𝑋 > 5 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽
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Careful:  Is it really a pdf?

Q) Let 𝑋𝑋 have pdf 𝑓𝑓 𝑥𝑥 = 𝑥𝑥2 for all 𝑥𝑥 ∈ ℝ

𝑃𝑃 𝑋𝑋 < 4 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽
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Intuitive meaning of 𝑓𝑓(𝑥𝑥)

𝑓𝑓 𝑎𝑎 ≠ 𝑃𝑃(𝑋𝑋 = 𝑎𝑎) but

𝑃𝑃 𝑋𝑋 ∈ 𝑎𝑎, 𝑎𝑎 + 𝜖𝜖 = �
𝑎𝑎

𝑎𝑎+𝜖𝜖
𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

i.e. 𝑓𝑓 𝑎𝑎 ≈ 𝑃𝑃 𝑋𝑋∈ 𝑎𝑎,𝑎𝑎+𝜖𝜖
𝜖𝜖
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Q)  𝑋𝑋 = die roll, 𝑌𝑌 ∼ 𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈 0,2 are independent

𝑃𝑃 𝑋𝑋 + 𝑌𝑌 ≤ 3 = ?
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Q)  𝑋𝑋 ∼ 𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈[0,1].  What is dist of 3𝑋𝑋?
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