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Section 2.3

Independence
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P(A|B) = the probability that A occurs given B occurred

Independence: B has nothing to do with A! (Or at least it doesn’t

effect the probability.) l.e., P(A) = P(A| B) = P}ffBB)).

Examples?

/Def: Events A and B are independent iff
P(AB) = P(A) - P(B)

(&




Ex) Roll two dice.
A = {first die = 1}, B = {second die = 1},
C ={sumof dice = 7}, D = {sumof dice = 3}

Q) Which pairs of events are independent?

At D _ Fb2) = p) 2
Pe) = F(bodn det = ) = ?f(‘/ /)} PO . A B
I7(A>’P(5 f“é“’é; = ’—;//.f @t~ deyendeaT.
A¢c

P(AC> = F(wfirsjv a/er// 9Vm:_7>

= P (st die=1, second= 6)
= V{O/ é>}'_ ‘3’)—6
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A few points about independence:

* If A and B are independent, then so are 4 and B¢,
also 1o A9pondenf

—

—

* Mutually exclusive (i.e. disjoint) # independent e P@, B >0,
Pis oint Lf\éﬂdf)aﬂa’wf i AAB: é% Then
A 5 A Prp=Fs3- O
O 0 e — 1) P2
N~
= O

l
Sovinl cast. TE V@) o F®-0, Fntn F@E)=0 =Pl A

s [ & B will Ve iAdth Lduan ‘,\{ o<y are o)z'sj‘b'm/l.
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Independence picture: Proportional overlap

Ex) Roll a die with 100 sides. A = {roll is in {1,2,3,...10}}. B = {roll is in {10, 20,30, ...100}} .
Are A and B independent?

()

)
puB) = F402= oo
P(A)-P(B) = 45 1 =

4
C(AIR) = FB)
NP PP
7(r ) ey
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Independence with more than two events

N
Def: Events A4, A,, ... A,, are independent iff for any set of

indices1 <i; <i, <--<i, <nwehave
P(Ai Ai, - Ay,) = P(Ay,) - P(Ay,) - P(4;,)

-
E.g., 3 events 4, B, C are independent if:

F<A T%>: F@JP(B) Callad “pairwise }/\Jquw/ence\\
P(pc) = F(R)FO
7 () = ¢ () FC)

7 (a3 = TE-FE 7C)

)
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Pairwise independence vs independence

Ex) Roll two dice.
A = {first die = 1}, B = {second die = 1},
C = {sumof dice = 7}

Are A, B, C independent?

A//} are indep. «s L hou @ AT af ¢

A, C h A ! K //Fa[v’u/;S( )N J?/)\.\/ bot
7 C “ “ ” ! Yhey are  n-T
) = P(a) PE) PE g

LH&W/M%C> 0+ P(p) 7@ re)

W\//\-/

‘?}-)—41' /b /b (/é
v L

com =7
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Independent random variables

o N

Def: Let X4, X5, ... X;, be random variables defined on the same
probability space. Then X, X5, ..., X,, are ingllependent iff

P(Xl (S BlJXZ (S Bz, ...,Xn € Bn) — HP(XL (S Bl)
=1

for all* choices of subsets B4, B,, ..., B,, of the real line.

\
E><> X, 1 are  indep A

P(xe A, YeRB) = P(xeh) Aye ) (or wey ARBEER
Eﬁ) ></ Y ac ¢ Tndep d; 1 (b((§/ +hen

o(xeB ) relFT) = POxels])-Plreh 7]
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Independent discrete random variables

/Fact: Let X¢, X5, ... X,, be discrete random variables defined )
on the same probability space. Then X, X, ..., X,, are

independent iff
P(Xl —_ kl'XZ — kz, ""X‘l’l —_ k‘l’l) — HLP(XL — kl)

\for all choices of k4, k», ..., k., (of values that r.v.’s can take). Y

Ex) Roll two dice. X = firstroll, Y = second roll |
l7<><’3[‘,/\fr;5>3 P(X';{)F(Y$)> L/)ég’/%,..éj
= Y- v
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Ex) Rolltwo dice. X = first roll,Y = sum of rolls.
Are X and Y independent?

P(X =k,Y =k,) = P(X = ky)-P(Y = k,)
fork, ={1,2,3,..6), k, = {2,3, ..., 12}.

l(/ZC'Z k/":b

7( 6%?5“ e, Xk T
V(K D) P=2)= % e ¢0% e Aepedel
A=
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