Chapter 2

Conditional probability and independence



Section 2.1

Conditional probability



Ex) Let x be result of a die roll
pmf: p(k) = Plx =k} = _ /6 L=1,2 .6

Now [ tell you “x < 4”.

P{x =5 givenx <4} =_C P{x =6 givenx < 4} = O
P{x = k givenx < 4} = 4 fork = 1,2,3,4.
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Conditioning on an event

C
Q: In general, we can condition on an event B £ (). Conditioning
updates all probabilities (new probability measure). What is the new

probability measure? N
‘/ﬂ 'z\/?‘/‘\

We write P(A | B) = “probability that A occurs given that B occurred”

So, P(ANB)=P("Aand B occur)
= P("B occurs") - P("A occurs given B*)

= P(B)-P(A | B)
(. L - A
Def: Conditional probability
P(ANB) P(AB)
P(A|B) = =
N P(B) P(B) P
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Alternative interpretation

When we condition on B, B becomes the new sample space. Divide by
P(B) to normalize, sothat P(B | B) = 1. The collection
{P(A | B)}4eq is an updated probability measure.

pia1e) - TE0E)

§)

F(R)
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Ex) Roll two dice, x = sum.

P(x =5 firstdieis3) = Plsecons e ;2> -

F(X o Fort At us 3) PEK:S ﬁ Foect e s 33
P(f:fgf die s })

. _ Pt die 5 2 Lod die i 2
P(wcc'/sjr Adie s }/K>)> - } o / £ & ,Q ’ >

e?(fin{' Al s 3> A/B); @
= P(‘(rs% die 15 2 =5) = Ve r( F(BD
Plx=75) %/6 - Vé
Ve & <0 0
— 5

-

A ———— Y26
P(Ghen, 0,603 = o, =
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Ex) An urn has 9 red balls and 7 green balls. Draw 2 at random.

> ¢
P{both green} = P(G1 G2) = _I¢ 15

) PG

Now 4 drawn:
> a B .6

—_—

P(G{R,R:G,) = Iré'rf [+ [>
e = (6] 6,085

F(K'zl ()l \Z?’)
O N

Fact:
P(A1AA3z - A,) = P(Ay) - P(A; | Ay) - P(A3]|A143) - P(An | A1Ay . Ap—y)

(& )
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Ex) An urn has 9 red balls and 7 green balls. Two drawn.

P(R;) = ‘902/) = c{/i

P(R,) =P((GiUR) NR,) = /7@, 0 /Zz> V 62, (] /353
N e—"

N - PG R+ O NR)

g = PG)rR=16) +1(R) Pl |?,)

- Z . AL 7 2 9
/6 %m R T er f e
72 2
= 2l+20 . B5 _[ 4

(65 T eS| b
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‘Fact: P(A) = P(AB) + P(ABC)
=P(AIB)-P(B)+P(AIB°)-P(B)

\

S
_[L
a2l
ot - . N
Fact: If B4, B,, ..., B, is a partition of (), then
P(A)= ) P(AB) = ) P(A| B)-P(B)
_ L L /
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Ex) Flip a coin three times. For each head, roll a die. What is
P{Sumof all dicerolled = 3}? . _ 4 [ }eads

\/ = Svuwm 3\[ 0&64

(7(Y°3>‘ P(y=3x=0). p=2) Ph=o)= FITTi= 14
tply=>Ix=1) - F(x=1) (EOREIUATIALS

_ = ) E/g
F P(y=21%=2) P&=2) v(x=2) = g
+ P y=2| x=3) - P7P) 763)=
ﬁ —
_ O
NI
+ Y 7

+  Ves - '/g
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