
Chapter 2
Conditional probability and independence



Section 2.1
Conditional probability



Ex) Let 𝑥𝑥 be result of a die roll
Pmf:  𝑝𝑝 𝑘𝑘 = 𝑃𝑃 𝑥𝑥 = 𝑘𝑘 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

Now I tell you “𝑥𝑥 ≤ 4”.

𝑃𝑃 𝑥𝑥 = 5 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝑥𝑥 ≤ 4 = ⎽⎽⎽⎽, 𝑃𝑃 𝑥𝑥 = 6 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝑥𝑥 ≤ 4 = ⎽⎽⎽⎽
𝑃𝑃 𝑥𝑥 = 𝑘𝑘 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝑥𝑥 ≤ 4 = ⎽⎽⎽⎽ for 𝑘𝑘 = 1,2,3,4.
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Conditioning on an event

Q:  In general, we can condition on an event 𝐵𝐵 ∈ Ω.  Conditioning 
updates all probabilities (new probability measure).  What is the new 
probability measure?

We write 𝑃𝑃 𝐴𝐴 𝐵𝐵 = “probability that 𝐴𝐴 occurs given that 𝐵𝐵 occurred”
So, 𝑃𝑃 𝐴𝐴 ∩ 𝐵𝐵 = 𝑃𝑃("A and B occur“)

= 𝑃𝑃 "B occurs" ⋅ 𝑃𝑃("𝐴𝐴 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝐵𝐵𝐵)
= 𝑃𝑃 𝐵𝐵 ⋅ 𝑃𝑃(𝐴𝐴 ∣ 𝐵𝐵)

Def: Conditional probability 
𝑃𝑃 𝐴𝐴 𝐵𝐵 = 𝑃𝑃 𝐴𝐴∩𝐵𝐵

𝑃𝑃 𝐵𝐵
= 𝑃𝑃 𝐴𝐴𝐴𝐴

𝑃𝑃 𝐵𝐵
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Alternative interpretation

When we condition on 𝐵𝐵, 𝐵𝐵 becomes the new sample space.  Divide by 
𝑃𝑃(𝐵𝐵) to normalize, so that 𝑃𝑃 𝐵𝐵 𝐵𝐵 = 1.  The collection 
𝑃𝑃 𝐴𝐴 𝐵𝐵 𝐴𝐴∈Ω is an updated probability measure.

Ω
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Ex)  Roll two dice, 𝑥𝑥 = sum.

𝑃𝑃 𝑥𝑥 = 5 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑑𝑑𝑑𝑑𝑑𝑑 𝑖𝑖𝑖𝑖 3 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽
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Ex) An urn has 9 red balls and 7 green balls.  Draw 2 at random.

𝑃𝑃 𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 = 𝑃𝑃 𝐺𝐺𝐺 𝐺𝐺𝐺 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

Now 4 drawn:

𝑃𝑃 𝐺𝐺1𝑅𝑅2𝑅𝑅3𝐺𝐺4 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

Fact: 
𝑃𝑃 𝐴𝐴1𝐴𝐴2𝐴𝐴3 ⋅⋅⋅ 𝐴𝐴𝑛𝑛 = 𝑃𝑃 𝐴𝐴1 ⋅ 𝑃𝑃 𝐴𝐴2 𝐴𝐴1 ⋅ 𝑃𝑃 𝐴𝐴3 𝐴𝐴1𝐴𝐴2 ⋅⋅⋅ 𝑃𝑃(𝐴𝐴𝑛𝑛 ∣ 𝐴𝐴1𝐴𝐴2 …𝐴𝐴𝑛𝑛−1)
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Ex) An urn has 9 red balls and 7 green balls.  Two drawn.
𝑃𝑃 𝑅𝑅2 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

𝑃𝑃 𝑅𝑅2 = 𝑃𝑃 𝐺𝐺1 ∪ 𝑅𝑅1 ∩ 𝑅𝑅2 =
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Fact: 𝑃𝑃 𝐴𝐴 = 𝑃𝑃 𝐴𝐴𝐴𝐴 + 𝑃𝑃 𝐴𝐴𝐵𝐵𝑐𝑐
= 𝑃𝑃 𝐴𝐴 𝐵𝐵 ⋅ 𝑃𝑃 𝐵𝐵 + 𝑃𝑃 𝐴𝐴 𝐵𝐵𝑐𝑐 ⋅ 𝑃𝑃 𝐵𝐵𝑐𝑐

Fact: If B1, B2, … , Bn is a partition of Ω, then

𝑃𝑃 𝐴𝐴 = �
𝑖𝑖

𝑃𝑃 𝐴𝐴 𝐵𝐵𝑖𝑖 = �
𝑖𝑖

𝑃𝑃 𝐴𝐴 ∣ 𝐵𝐵𝑖𝑖 ⋅ 𝑃𝑃(𝐵𝐵𝑖𝑖)
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Ex)  Flip a coin three times.  For each head, roll a die.  What is 
𝑃𝑃 𝑆𝑆𝑆𝑆𝑆𝑆 𝑜𝑜𝑜𝑜 𝑎𝑎𝑎𝑎𝑎𝑎 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 = 3 ?
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