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The uses of exponential functions are wide-ranging. In this section, you will see them ap-
pited to problems in finance, medicine, ecelogy, biclogy, economics, pharmacokinetics,
anthropology, and physics.

Exponential Growth
TFixponential growth models use functions of the form y(1) = Ce¥, where € is a constant
and the rate constiant k is positive (Figure 6.69),
If we start with the exponentiai growth function y{r) = Ce" and take its derivative,
we find that
= (CeMy = C ket =k C(’“
de  di (Ce) = (« v )

Iy

. Ay . . e . _—
that is, o = ky. Here is the first insight about exponential functions: Their rate of change
di

. . . dy
is proportional to their value. If y represents a population, then *EI is the growth rate with
e

units such as people/month or cells/lr, And if y is an exponential function, then the more
people present, the faster the population grows.
Another way to talk about growth rates is to use the relative growth rate, which is

. . , . Ldy i,
the growth rate divided by the current value of that quantity-——that is; — ?I_ For example, if
¥4

y is a population, the relative growth rate is the fraction or percentage by which the popu-
fation grows each unit of time. HExamples of relative growth rates are 3% per year or a

. - . .ooody . . . .
Jactor of 1.2 per month. Therefore, when the equation o = Ly t$ wrillen in the form
¢

bdy . . : . .
S = k, it has another interpretation. It says thal a guantity that grows exponentially has
v dr

a constant relative growth rate. Constant relative or percentage change is the halimark of
exponential growth.

EXANMPLE 1 Lincar vs. exponential growth Suppose the population of the town of
Pine is given by P{r) = 1500 + 125, while the population of the town of Spruce is given
by S(r) = 15006™, where 1 2 0 is measured in years. Find the growth rates and the rela-
tive growth rates of the two towns,
SOLUTION Nofe that Pine grows according to a linear function, while Spruce grows

2l

. e AT _
exponentially (Figure 6.70). The growth rate of Pine is n = 125 people/yr, which is
a

constant for all times. The growth rate of Spruce is

-------- = 0.1(1500e™) = 0.15(2),
dr
\\(1)
showing that the growth rate is proportionat to the population. The relative growth rate
1 dP 125
of Pine is ——— = ——————— which decreases in time. The relative growth rate of
Podr 1500 4+ 1250 &

Spruce is
1dS — 0.1-1500e™"
$ di 15005
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" The unil time ™ is read per it time, For
cxample, month™ is read ey wonth.

Note that the initial value yo appears on
both sides of this equation. Jt may be
canceled, memning that the doublag time
is independent of the initial condition:
The doubling time is constant for ali 1.

ECK 2| Verify that the time
needed for y(1} = yge* (o double from
¥y L0 2y 18 the same as the time
needed (o doubie from 2y, 1o 4y,

which is constant for all tmes. In sumrnary, the finear population function has a constant
absolute growih rate, while the exponential population function has a consrant relative
growth rate. Related Exercises 9-10 <

Population A increases at a constant rate of 4%/yr. Population B
Increases at a constant rate of 500 people/yr. Which population exhibits exponential
growth? What kind of growth is exhibited by the other popualation?-«

The rate constant & in y(1) = Ce* determines the growth raie of the exponential fune-
tion. We adopt the convention that & > 05 then it is clear that y(r) = Ce* describes CXpo-
nential growth and y(1) = Ce™ describes exponential decay, to be discussed shortly. For
problems that involve time, the units of £ are time ™" for example, if ¢ 1s measured in months,
the units of k are moath™, In this way, the exponent kt is dimensionless (without units),

Unless there ts good reason to do otherwise, it is customary 1o take ¢ = (¢ as the refer-
ence point for time, Notice that with y(1) = Ce*, we have ¥(0) = C. Thercfore, C has &
simple meaning: 1t is the initial value of the quantity of interest, which we denote ¥o. In
the examples that folow, two pieces of information are typically given: the initial condi-
tion and clues for determining the rate constant k. The initial condition and the rate con-
stant determine an exponential growth function completely,

Exponential Growth Functions

Exponential prowth is described by functions of the form y{¢) = yoe*'. The initial
value of yat 1 = 0is p(0) = y, and the rate constant k > ( determines the rate of
growth. Exponential growth is characterized by a constant relative growth rate.

Because exponential growth is characterized by a constant relative growth rate, the
time reguired for a quantity to double (a 100% increase) is constant. Therefore, one way
to deseribe an exponentially growing quantity is to give its doubling time. To compute
the time it takes for the funection ¥(1) = ype' 1o double in value, say from yg Lo 2y,, we
find the value of 1 that satisfics

() = 2yy or oyt = 2y

Canceling y, from the equation yoet! = 2y Teaves the equation % = 2, Taking log-

. . , ' . . in2
arithms of both sides, we have In ¢ = I 2,00kt = In 2, which has the soluton i "]"(—

. L oo n2 .
We denote this doubling time Ty 50 that 17 = o If y increases exponentially, the
time it takes (o double from 100 1o 200 is the same as the time it takes to double from
1000 ro 2000,

| DEFINITION Doubling Time

The quantity described by the function ¥(1) = yoe for k > 0 has a constant doubling .

. R n2 )
me of Ty = *] ----- . with the same units as /.
C

EXAMPLE 2 World population Human population growth rates vary geographically <
and fluctuate over time. The overal) growth rate for world population peaked at an annua]_:_~




« World population

1804 | billien
1927 2 billion
1960 3 bittion
1974 4 billion
1987 5 billion
1999 6 billion

2011 7 bithon {proj.)

> 1tis a common mistake to assume that if
the annual growth rate is 1.4% per year,
then & = £.4% = 0.0i4 yr™\ The rawe
constant & must be calendated, as it is in
Example 2 to give & = 0,013976. For
targer growth rates, the difference
between & and the growth rate is greater,

¥
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- Converted o a daily rale (dividing by
305}, the world population in 2610
increased at a rate of roughly 268,000
people per day.
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rate of 2.1% per year in the 1960s. Assume a world population of 6.0 billion in 1999
(# = 0} and 6.9 billion in 2009 (¢ = 10).

a. Find an exponential growth function for the world population that fits the two
data points.
b. Find the doubling (ime for the world popuiation using the model in parl (a).
¢. Find the (absolute) growth rate y'(1) and graph it for = ¢ = 50.
d. How fast was the population growing in 2010 {t = 11)7
SOLUTION
a. Let y{1) be world population measured in billions of people ¢ years after 1999, We
use the growth function y{#) = ye', where yo and & must be determined. The
initial value is yy = 6 (billion). To determine the rate constant k, we use the fact
that y(10) = 6.9, Substituting r = 10 into the growth function with yg = 6 implics
¥(10) = 6¢'% = 6.9.
o ‘ I (6.9/6) |
Solving for & yields the rate constant k = BRI A 0013976 &~ 0.014 yr !
Therefore, the growth function is
_)’(f) - 6(40'(“41.

b. The doubling time of the population is

7w 2 2
Tk T 0014

b

7 50 years.

Working with the growth function y(r} = 6% we find that
2 2 )

y{I) = 6(0.014)0M = 0 84 0

o]

which has units of billions of people/yr. As shown in Figure 6.71 the growth rate itsell
increases exponentially.,

d. In 2010 (1 = 11}, the growtl rate was
YD) = 0,084 0,098 billion people/yr

or roughly 98 miilion people/yr. Related Exercises 1116 <«
o ) i l
Assume y(1) = 100eM9%, By what percentave does y ncrease when £ in-
. ¥ } & A
creases by 1 unit? «

A Financial Model Exponential fanctions are used in many {inancial applications, sev-
eral of which are explored in the exercises. For now, consider a simple savings account in
which an initial deposit earns interest that is reinvested in the account. Interest payments
are made on a regular basis (for example, annually, monthly, daily) or interest may be com-
pounded continuously. With continuous compounding, the balance in the account increases
exponentiaily al a rate that can be determined from the advertised annual percentage yieid
{or APY) of the account. Assuming that no additional deposits are made, the balance in the
account is given by the exponential growth function y(t) = y,e¥, where ¥g is the initial
deposit, £ is measured in years, and & is determined by the annual percentage yield.

EXAMPLE 3 Continuous compounding The APY of 4 savings account is the
percentage increase in the balance over the course of a year. Suppose you deposit $500 in
a savings account that has an APY of 6.18% per year with continuons compounding, As-
sume that the interest rate remains constant and that no additional deposits or withdrawals
are made. How long will it take for the balance to reach $25007
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The rale constant &, 1y this case

0.06 = 6%, is the factor by which

the balance increases i interest is
compounded once at the end of the year.
itis oflen advertised by banks as the
annual percentage rate (or APR). I the
Balance increases by 6.18% in one year,
it imcreases by a factor of 1.0618 in one

year.

© In one year, the power [unction increases

by 2% or by « factor of 1,02,

SOLUTION Because the balance grows by a fixed percentage every year, it grows
exponentially. Letting y(7) be the balance 1 years after the initial deposit of y, = $500,
we have y(f) = poe*, where (he rate constant & must be determined. Note that if the ini-
tial balance is yg, one year later the balance is 6.18% more, or

y(1) = 10618 yq = yye*.
Solving for k, we find that the rate constant is
ko= in 1L.OGIS = 0.060 yr.

Thercfore, the balance at any time ¢ = 01s y{r) = 500" To determine the time
required for the balance to reach $2500, we solve the equation

y(1) = 500" = 2500.
Dividing by 500 and taking the natural logarithim of both sides yields
0.060r = 5.
The balance reaches $2500 in 1 = {In 5)/0.060 = 26.8 yr, Related Exercises 11-16<

Resource Consumption Among the many resources that people use, energy is cer-
tainly one of the most important. The basic unit of encrgy is the joule (1), roughly the
energy necded 10 1ift a 0.1-kg object (say an orange) 1 m. The rate al which energy is con-
sumed is called power. The basic unit of power is the watt (W), where 1 W = 1 1/3. If you
turn on a 100-W lightbulb for T min, you use energy at a rate of 100 J/s and use a wtal of
1001/s-60s = G000} of energy.

A more nseful measure of energy for large quantities is the kilowatt-hour (kWh). A
kilowall is 1000 W or 1000 1/s. So if you consume energy at the rate of 1 kW for | ir
(3600 s), you use a total of 1000J/s-3600s = 3.6 % 10°J, which is 1 kWh. A person
running for { hr consumes roughly | kWh of energy. A typical house uses on the order of
1000 kWh of encrgy in a month.

Assuine that the total energy used (by a person, machine, or city) is given by the
function £{r). Because the power P(r) is the rate at which energy is used, we have
P{r) = E'(r). Using the ideas of Section 6.1, the total amount of energy used between the
tmes 1 = gand 1 = bis

: b b
total energy used = / E(iydt = / Pt)dr.
J 4

We see that energy is the arca under the power curve. With this background, we can inves-
tigate a sitnation in which the rate of energy consumption increases exponentially.

EXAMPLE 4 Energy consumption At the beginning of 2006, the rate of energy con-

sumption for the city of Denver was 7000 megawatts (MW), where | MW = 109 W, That

rae was expected to increase at an annual growth rate of 2% per year,

a. Find the function that gives the power or rate of energy consumption for all times alter
the beginning of 20006.

b. Find the total amount of energy used during the year 2010.

¢. Find the function that gives the total (cumulative) amount of energy used by the city
between 20006 and any time ¢ = 0.

SOLUTION

a. Lett 2 0 be the number of years after the beginning of 20006, and let P(1) be the power
function that gives the rate of energy consumption at time £, Because P increases at
a constant rate of 2% per year, it increases exponeniially. Therefore, P(r} = Py, where
Py = 7000 MW. We determine k as before by setting 1 = 1; after one year the power i

P(1) = Pyt = 1.02P,
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¥ Canceling Py and solving for k, we find that & = In {1.02) = 0.0198. Therefore, the
i power function (Figure 6.72) is
1 PO = 70000198 P(J) . 70(}0{?0.0198! fort = 0
2 8000} ) _
=3 Pawer = rate of energy b. The entire year 2010 corresponds to the interval 4 = ¢ = 5, Substituting
g consumption P(r) = 7000 the total energy used in 2010 was
& 4060 -
o 5 5
/ P() di = / 7000 dr - Substinute for 2.
—_— ] ] i 3 i ] J. o y
of " 30 l 7

< (aflor 7000
Years {after 2006) = e 001 Fandamental Theorem

4
7652 MW-years  Livaluate.

FIGURE 6.72

&

Because the wnits of P are MW and ¢ is measured in yr, the units of energy are
MW-years. To convert o MWh, we multiply by 8760 hr/yr to get the total energy of
about 6.7 3 10" MWh (or 6.7 X 10" kWh).

¢. The total energy used between 1 = 0 and at any future time 7 is given by the future
value formula (Section 6,1);

E(r) = E(0) + /0 E'(sYds = E(0) + /0 P(s)ds.

Assuming 1 = { corresponds to the beginning of 2006, we take £ (0) = {). Substituting
again for the power function P, the total energy at time 7 is

T E(r)

200,000 - v = B

L0y + [) P{s)ds

¥

(W-

i

T =)+ / 700065595 g substituie for 22(s) and K0},
100,000 JO

1 Energy consumed 7000 !
{ years after 2006 = e eene HOT9B5
0.0198

1 ] i
El L] 1

0 1o 20 39 ! 0.0195¢ . .

Years {after 2006) 353,535(c I)MW-yr Jivainate.

FGURE 6.73 As shown in Figure 6.73, when the rate of energy consumplion increases expenentially,
the totat amount of energy consumed also increases exponentially.
Related Exercises 1116 <

]

Energy

Pandamental Theorem

]

y

Exponential Decay

Everything you have leamed about exponential growth carries over directly 1o exponential
decay. A function that decreases exponentially has the form v{1) = yge™, where Yo = y({1)
is the initial valuc and & > 0 is the rate constant.

Exponential decay is characterized by a constant relative decay rate and by 4 constant
half-life. For example, radioactive plutonium has a half-life of 24,000 years. An initial sam-
ple of | mg decays to 0.5 mg after 24,000 years and 10 0.25 mg after 48,000 years. To compute
the haif-life, we determine the time required for the quantity ¥{(1) = yoe™ to reach one
half of its current value; that is, we solve yye ™ = Yo/ 2 Tor 1. Canceling y, and taking loga-
rithms of both sides, we find that

- HQUICK CHECK 4! IT a quantity decreases et = 5o k= (2> o) = e P
by a factor of 8 every 30 yr, what is
 lts half-life? The half-life is given by the same formula as the doubling time.
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Half-lives of common drugs

Penicillin
Amoxicillin
Nicoline
Morphine
‘letracycline
Digitalis
Phenobarbito]

1 br

11w

2 hr

3

9 hy

33 hr
2-6 days

Exponential Decay Functions

Exponentiai decay is described by functions of the form y(r) = yee™. The initial
value of y is y(0) = y,, and the rate constant & > 0 determines the rale of decay.
Exponential decay is characterized by a constant relative decay rate. The constam

2z .
half-life is 1" = - P with the same units as 1.

i\

Radiometric Dating A powerful method for estimating the age of ancient objects
(for example, {ossils, bones, meleorites, and cave paintings) relies on the radioactive de-
cay of certain elements. A common version of radiometric dating uses the carbon isotope
C-14, which is present in all fiving maiter, When a living organism dies, it ceases o re-
place C-14, and the C-14 that is present decays with a half-life of about 7'y = 5730 yr.
Comparing the C-14 in a living organism to the amount in a dead sample provides an
estimate of its age. '

EXAMPLE 5 Radiometric dating Researchers determine that a fossilized bone has
30% of the C-14 of a live bone. Estimate the age of the bone. Assume a half-life for C-14
of 5730 yr.

SOLUTION 'Fhe exponential decay function y{t} = ype *may be invoked as it applies to
all decay processes with a constant half-life. By the half-life formula, 7'y, = (In2)/k.
Substituting Ty, = 5730 yr, the rate constant is
“In2 Inz N
el B = 0.000121 yr .

Ty 5730y
Assume that the amownt of C-14 in a living bone is vy, Over £ years, the amount of C-i4 in
the fossilized bone decays to 30% of its mitial value, or 0.3y, Using the decay function,
we have

().3),0 — y()e---(l[)l)m?lr_
Solving for ¢, the age of the bone in years is:
{95,
-—0.000121

Relared Exerciyes 17-24<

Pharmacokinetics Pharmacokinetics describes the processes by which drugs are as-
simifated by the body. The elimination of most drugs from the body may be modeled by an
exponential decay function with a known haif-life {aleohal is a notahle exception). The
simplest models assume that an entire drug dase is immediately absorbed into the blood.
This asswmption is & bit of an idealization; more refined mathematical models can accounl
for the absorpticn process.

EXAMPLE 6 Pharmacokinetics An exponential decay function y(¢) = ype ™ models

the amount of drug in the blood ¢ br after an initial dose of vy == 100 mg is administered.

Assume the half-life of the drug is 16 hours.

a. Find the expenential decay function that governs the amount of drug in the blood.

b, How much time is required for the drug to reach 1% of the initial dose (1 mg)?

e. If a second 100-mg dose is given 12 hr after the first dose, how much time is required
for the drug level to reach 1 mg?




—~
&f)

Ameount of drug {m

o e,
oy s Secand 1001 mg o dose |
i glves new initial condition.
W0 /
{12,159.5)
150+ ]
HOmg < |
T ;
!
m____\? (12,59.5)
' |
i
i i ; t
0 12 24 ‘

Time {hr)

FIGURE 6.74

SECTION 6.8 EXERCISES

Review Questions

1.

S

e terms of relative growth rate, what is the defining property of

exponential growth?

Give two picces of information that may be used o formulale an
exponential growth or decay function.

Explain the meaning of doubiing time.
Explain the meaning of half-life.
How are the rate constant and the doubling time related?

How are the rate constant and the half-life related?

6.5 Exponential Models

SOLUTION

a. Knowing that the half-life s 16 hr, the rate constant is

b.

I¢]

ln 2
]6 hl

10000433

_ln 2
Tip

2 00433 he!

Therefore, the decay function is y(7) =

The time required for the drug 10 reach 1 mg is the solution of
100e DAM33 1

Solving for 1, we have

in () 01 ‘
PRr—— = 2z 106 hr.
0 04’%’5 h|

It takes maore than 4 days lor the drug to be reduced (o 1% of the initial dose,

Using the exponential decay function of part (a}, the amount of drug in the blood after

12 hris

y(i?_) ..... 100" -.0433 -

Fhe second 100-mg dose given after 12 hr increases the amount of drug (assuming in-
stantaneous ahsorption) to 159.5 mg. This amount becomes the new initiat condition
for another exponential decay process (Figure 6.74). Measuring ! from the time of the
second dose, the amount of drug in the blood is

(1) = 159,50 009

> & 50.5mg,

The amount of drug reaches I mg when
\’(n’) e 159.56"().()5133! =1

which implies that

== 1171 hr.
”( 04’%3 lu

Approximately 117 hr alter the second dose (or 129 hr after the first dose), the drug
reaches 19 ol the mitial dose.

Basic Skills

9-10. Absolute and relative growth rates Two functions [ and g
are given. Show that the growth rate of the lnear function is con-
stant and the relative growith rate of the exponeniial function is
CORSIQN,

9. flr) = 100 + 105, g(1) = 1004
10, f{) == 2200 - 4001, g{1) = 400-2/20

11-14, Designing cxponential growth functions Devise the
expoinential growth finction that fits the given data, then answer the
accompanying quesiions. Be sure to identify the reference point (f =
and units of time.

Give two examples of processes that are modeled by exponential
growth,

Give two examples of processes that are maodeled by exponential

de

cay.

11. Population The population of a town with a 2010 population
of 90,000 grows at a rate of 2.4%/yr. In what year will (he
population double its initial value (to 180,000)?

447

Related bxercises 1724 <

0)
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12, Population The population of Clark County, Nevada, was
1.9 milHon in 2008, Assuming an annual growlls rate of 4.5%/ yr,

what will the county popuiation be in 20207

13. Rising costs Between 2005 and 2010, the average rate of inflation
was about 3%/ yr (as measured by the Consumer Price Index), 1f
a cart of groceries cost $100 in 20035, what will it cost in 2015
assuming the rate of inflation remains constant?

14. Cell growih The number of cells in a tumor doubles every 6
weeks starting with 8 cells, After how many weeks does the tumor
have 1500 cells?

15. Projection sensitivily According to the 2000 census, the U.S. pop-
ulation was 281 million with an estimated growth rate of 0.7%/yr.

. Based on these figares, find the doubling time and project the
population in 2100.

b. Suppose the actual growth rates are just 0.2 perceatage points
lower and higher than 0.7%/yr (0.5% and 0.9%). What are the
resulting doubling times and projected 2100 population?

¢. Comment on the sensitivity of these projections (o the
growth rate.

16. Ol consumption Starling in 2010 {1 = 0}, the rate at which oi
is consumed by a small country increases at a rate of 1.5%/yr,
starting with an initial rate of 1.2 million barrels per year.

a. How much ¢il is consumed over the course of the year 2010
(between ! = Oands = 1)?

b. Find the function thal gives the amount of oil consumed
between ¢ = 0 and any future time 7.

e After how many years will the amount of oil consumed reach
10 millien barrels?

17-20. Designing exponential decay functions Devise an exponential
decay function that fits the following data; then answer the accompa-
nying guestions. Be sure 1o identify the refervence point (1 = 0) and
units of time.

¥7. Crime rate The homicide rate decreases at a rate of 3%/ yr in a
city that had 800 homicides/yr in 2010. At this rate, when will the
homicide rate reach 600 homicides/yr?

18. Prug metabolism A drog is eliminated from the body at a rate
of 15%/hr. After how many hours does the ameunt of drug reach
10% of the initial dose?

19, Atmospheric pressure The pressure of Earth’s atmosphere at sea
jevel is approximately 1000 millibars and decreases exponentially
with elevation. At an elevation of 30,000 {t (approximately the
altitude of Mt, Everest), the pressure is one-third of the sea-level
pressure. At what elevation is the pressare half of the
sea-level pressure? At what elevation is it 1% of the sea-level
pressure?

20. China’s population China’s one-child policy was implemented
with a goal of reducing China’s population to 700 million by
2050 (from 1.2 billion in 2000). Suppose China’s population
declines at a rate of 0.5%/yr. Will this rate of decline be sufficient
lo meet the goal?

21. Valium metabolism The drug Valivm is eliminated fron: the

bloodstream with a half-life of 36 hr. Suppose that a patient
receives an initial dose of 20 mg of Valium at midnight.

a. How much Valium is in the patent’s blood at noon the next day?

b, When will the Valiun concentration reach 10% of its initial
level?

22, Carbon dating The hal{-life of C-14 is aboul 5730 yr.

a. Archaeologists find a piece of cloth painted with organic dyes,
Analysis of the dye in the cloth shows thal only 77% of the
C-14 originally in the dye remains. When was the cloth
painied?

h. A well-preserved piece of wood found at an wichacological sie
has 6.29% of the C-14 that it had when it was alive. Estimate
when the wood was cut.

23. Uraniwm dating Uranian-238 (U-238) has a half-life of 4.5 hil-
lion yr. Geologists find a rock containing a mixture of U-238 and
lead, and determine that 85% of the original U-238 remains; the
other 15% has decayed into lead. How old is the rock?

24, Radioiodine {reatment Roughly 12,000 Americans are diagnosed
wilh thyreid cancer every year, which accounts for 1% of all can-
cer cases. [Loceurs in women three (imes as frequently as in men.
Fortunately, thyroid cancer can be treated successfully in many
cases wilh radioactive 1odine, or I-131, This unstable form of
iodine has a haif-life of 8 days and is given in smal} doses mea-
sured in milticuries.

a. Suppose a patient is given an nitial dose of 100 millicuries.
Find the function that gives the amount of 1-131 in the body
after ¢ = (0 days.

b. How long does it take for the amount of 1-131 (o reach 10% of
the initial dose?

¢. TFinding the initial dose 1o give a particular patient is & critical
calenlation. How does the time to reach 10% of the initial dose
change if the initial dose is increased by 5%?%

Further Explovaiions
25, Explain why or why not Determine whether the following state-
ments are frue and give an explanation or coonterexample.
a. A quantity that increases al 6%/ yr obeys the growth function
(1) =yt
b. If a quantity increases by 10%/yr, il increases by 30% over 3 yr.
¢ A quaniity decreases by one-third every month, Therefore, it
decreases exponentially.
d. 11 the rate constant of an exponential growth function is
increased, its doubling time is decreased.
e. I aquantity inereases exponentially, the Gme required to
merease by a factor of 10 remains constant for alj time,

26. Tripling time A quantity increases according (o the exponential
function y{r) = yue*”. What is the tripling time for the quantity?
What is the time required for the quantity (o increase p-fold?

27. Constant doubling time Prove that the doubling time for an
exponentially increasing quantity is constant for all time.

28. Overtaking City A has a current population of 500,000 peaple
and grows at a rate of 3%/yr. City B has & current population of
300,000 and grows at a rate of 5%/ yr.

a. When will the cities have the same population?

. Suppose City C has a current population of vy < 500,000 and
a growth rate of p > 3%/yr. What is the relationship between
yo and p such that the Cities A and C have the same population
in 10 yr?




£129. A slowing race Starling at (he same time and place, Abe and
Bob race, running at velocities u(t) = 4/(1 + 1) mi/hr and
v{t) = 4e™ mi/h, respectively, for ¢ = (.
a. Who is ahead alter 1 = 509 After 1 = 10 he?
b. Find and graph (e position functions of both runners. Which
ranner can run only a {inite distance in an unlimited amount
of time?

Applications

30. Law of 70 Bankers use the law of 70, which says that if an
account increases i a fixed rate of p%/yr, its doubling ime
is approximately 70/p. Explain why and when this statement
is frue.

31, Compounded inflation The U.S. government reports the rate
of inflation (as measured by the Consumer Price index) both
monthly and annually. Suppose that, for a particular month, the
manthiy rate of inflation is reported as 0.8%, Assuming that this
rate remains constant, what is the corresponding annual rate of
inflation? Is the annual rate 12 Gmes the monthly rate? Explain.

32. Acceleration, velocity, position Suppose the acceleration of an
object moving along a line is given by a{t) = —kv(r), where & is
a positive constant and ¢ is the object’s velocily. Assume that the
initial velocity and position are given by »{0) = 10 and 5(0) = 0,
respectively,

a. Use a(r) = v'(1) 10 find the velocity of the object as a fanction
of time.

b. Use ©(r) = 5'(1) 10 {ind the position of the object as a function
of time,

. Use the fact that dufdr = (dv/ds)dsfde) by the Chain Rule
to find the velocity as a fanction of position,

Free fall (adapted from Putnam Exam, 1939) A object moves
freely in a straight iine exeept for air resistance proportionaf 1o its
speed; this means its acceleration is a(r) = —&u(r). The speed of
the object decreases from 1000 i1/s to 900 f1/s over a distance of
1200 fi. Approximate the tme required for this deceleration o oc-
cur, (Exercise 32 may bhe nseful.)

i£34. A running model A model for the startup of 2 runner in a short

race results in the velocity function (1) == a{l ~ ¢, where ¢

and ¢ are positive constants and ¢ has units of m/s. Source: 4

Theary of Competitive Running, Joe Keller, Physics Today, 26

(Sept 1973).

a. Graph the velocity function for ¢ = 12 and ¢ = 2. Whal is the
runner’s maximum veocity?

b. Using the velocity in part (a) and assuming (0) = 0, find the
position function s(f) for = 0.

¢, Ciraph the position function and estimate the time required (o
run 100 m.

6.8 Bxponential Models 449
Tumor growth Suppose the cells of a tumor are idealized as
spheres each with & radius of 5 pmn (micron}. The number of cells
has a doubling time of 35 days. Approximately how long wili it
take a single cell to grow into a multi-celled spherical tumor with
avolume of 0.5cm® {1 em = 10,000 pm)? Assume that the tumor
spheres are tightly packed.

36. Carbon emissions from China and the Uniled States The
buraing of fossi fuels releases greenhouse gases into the
atmosphere. In 19935, the United States emitted about 1.4 billion
tons of carbon iato the atmosphere, nearly one-fourth of the world
total. China was the second fargest contributor, emilting about
850 million tens of carbon. However, emissions from Ching were
rising al 4 rate of about 4%/vr, while U.S. emissions were rising
atabout 1.3%/yr. Using these growih rates, project greenhouse
gas emissions from the United States and China in 2020, Graph
the projected emissions for both countries. Comment on your
observations.

37. A revenue model The owner of a clothing store understands that the
demand for shivls decreases with the price. In fact, she has developed
amodel that predicts that at 2 price of $x per shirt, she can sel)

D{x} = 40¢"* ghints in a day. It follows that the revenue (total
money taken in) ina day is R(x) = xD(x) ($x/shirt - D(x) shirts).
What price should the owner ciuirgc o maximize revenuc?

Additional Fxercises

38. Geometric means A quantity grows exponentially according 10
¥1) = yoet. What is the relationship between i, i, and p such
that y{p) = Vy(m)y(n}?

Equivatent growth functions The same exponential growth func-
tion can be writlen in the forms y(1) = yoet, (1) = yo(l + rY,
and y(1) = yo2"% Derive the relationships among k, r, and 7,

40. General relative growth rates Define (he relative growth rate of
the function § over the time inferval 7' to be the relative change in
J over an interval of lengih 7

e+ 1)~ f(r)
f)

Show that for the exponential function y(1) = yye*, the refagive
growth rate Ry is constant for zoy T that is, choose any T and
show that Ry is constant for all 1.

iQ

1. Population A grows exponentially; population B arows
fincarly. 3. The function 100¢™™ increases by a factor of
10513, or by 5.13%, in 1 unit of ime. 4. 10 YIL -




