Sections 9.2, 9.3

Law of large numbers (LLN),
Central limit theorem (CLT):

General versions



a N
Notation: We say r.v.s X¢, X5, ..., X,, are independent and

identically distributed (iid) if they each have the same distribution
and are independent. y

Ex) If X ~ Bin(n,p), X = X{ + -+ X,, where Xy, ..., 7%Czi{re iid,
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Basic message today: LLN and CLT hold for almost any sum of iid r.v.s.











































































































































































Law of large numbers (LLN)

G’leorem (LLN): Let X, X5, ..., X, beiid r.v.s with EX; = u, Var(X;) =\
0% < . Let
X _Xl +X2 ++Xn

n

n
be the sample average. Then forany e > 0,

,l‘l{}o F(]SZV] "/\/1/ 3é>:0 or, equivalently, L(‘;"‘ao (7(()2"‘ ’“"’/<é>zl/
Meaning:

* For n large, X,, is essentially constant (the constant is u).
 Sample average — Expected value














































































































































Ex) You roll n dice and let X,, be the average. Then, for n large enough

~(0
P(|X,—35| <10 y> 11L.19777¢%

Also,
lim P(X, >351) = _f(Xn=2.52 0.0 /)

n—>00
< ?(/’?{A’Z.ﬁ/ 2 @,o)>

w70y o vy LLN






















































































































































































































= 2 K=
Proof of LLN S A

Recall: EX; = u, Var(X;) = 0% so EX,, = -, Var(X,,) =

As n — o, we wish to show
P(lX, —ul =€) —0.

Indeed, by Chebyshev inequality Y /
P(I%, —pl 2 e) < Vec&n) _ . ——2 0
62






































































































































































LLN: X,, » pasn — o (it converges in probability)

This occurs because Var(X,,) ~ 150.

n

Q) If you focus on a small interval around u, what does the distribution
of X,, look like?

CLT will examine Z,, = —(X —u) = —\/_ ~ (X = w).
Note: Var(Z,) = 1, EZ&an=



































































































Central limit theorem (CLT)

ﬁ\eorem (CLT): Let Xy, X5, ..., X;, be iid rv.s with EX; = p, Var(X;) A
0% < o, Let

n
1
Z =—z X, — ).
n O-\/ﬁi_l( l nu)
dist -

ThenZ, — N(0,1) i.e.,, forany —c0o < a < b < oo,
lim P(’f_,\ é@/@)"; ?(f\/@t/) C’@Mﬂ)
\\THOO o— /

Lan la o pl '\/HLM\/-»// @[ AQ/F 0femn







































































































































































































Interpreting CLT

1 . .
*Lp = ovn i—1(X; —pn) satisfies EZ,, = O

Var(Z,) = /

* Meaning: A normalized sum of many iid r.v.s is almost N(0,1).
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Normal approximation (general)

Let X, X5, ..., X,, be iid with EX; = u, Var(X;) = o*.
2
letS,, = X; + -+ X,,s0ES,, = 744, Var(S,,)) =N,

Then, if nis large, S,,  N(_nr y ng ) #
AN St
E5n  \aisa)



























































































Ex) Roll 2000 dice. Approximate the probability that the sum is at least
8000. _ Qesw. [FY
Sz..‘: ><) 7)' T - + ><20499 E 52"'9 H: [

— Qoo %‘; Y-V

Voo Gamas) = 1000 Vur (¥)

—,-z@Monl_EJ?)
‘\/.rmal affex: \/(7;«:;; Q,‘_-(u @)

guaa

O (10 780%0) 22 P ((W(7000, 2000 5 - 45)) 2 pore)
F{7w°°+ J Zeas (@b ij.) /\/(cp (); gapa>
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Further topics (not tested)

* Error bound in CLT
* Practical ramifications
* Tail bounds for N(0,1)
* Proof sketch of CLT



Error bound in CLT g, = Kifoo +Xa

— . st
Earry'l:_},szm CLT Xi=— X
. _ 3E|X—u|3 B
{Theorem. |IP(Z,, < x) —P(x)| < G TR }
/
= K, + ..+ X, é | wef). /2
EX) 5. ) N o

@[XJZO / \/‘tf<\(2>
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Practical ramifications

* Normal distribution is used as a standard model in practice (even
when an underlying sum of iid r.v.s is not identified).

* In particular, it is the standard model for noise in the measurements/model

 Normal distribution has very quickly decaying tails, and thus, so do
sums of iid r.v.s. Recall:

/Fact: A N(0,1) r.v. is very unlikely to deviate far from O.

P(—1 < N(0,1) < 1) ~ 0.68
P(—2 < N(0,1) < 2) ~ 0.95
g P(-3 < N(0,1) < 3) ~ 0.997




Tail bound for normal r.v.

t2
EProposition: PIN(0,1) >t)<e 2 }
Proof: Let Z ~ N(0,1). Consider mgf
& If T‘D lﬂ {_J 1 (<p
P(27t)= &= 2 ) 4 e
< P /\% M. (M)
i N T

QM" Q“AJC = @%(/’( )\2/2’ >\J<> 7\'66

.A )\t') 2/\ t=0=> A= £ o/«lmq( P("] ke
2l 6= oxp (& -+) = expbt2) / :
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Proof sketch of CLT

For simplicity, assume that EX; = 0, Var(X;) = 1. Recall, Z,, = —Z X;.

MGF of Zy: M(t) = fF[exp (€72~ >:( H/;C‘P& ]
lg[ x,, o B K X*\j

/
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