
Section 8.4
Covariance and correlation
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So far, we have independent r.v.s, and dependent r.v.s.  

Q) What can we say about the level of dependence of r.v.s?

Covariance (and correlation) give a partial answer.

Def:  Let 𝑋, 𝑌 be r.v.s with means 𝜇𝑋, 𝜇𝑌.  The covariance of 𝑋 and 𝑌 is 
defined as

Cov 𝑋, 𝑌 ≔ 𝔼 𝑋 − 𝜇𝑋 𝑌 − 𝜇𝑌 .
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When is covariance positive?

Let 𝑋, 𝑌 ∼ 𝑈𝑛𝑖𝑓[𝐵].  Is covariance positive or negative?   

𝐵 =                                                                      𝐵 =
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Covariance and dependence

Cov 𝑋, 𝑌 ≔ 𝔼 𝑋 − 𝜇𝑋 𝑌 − 𝜇𝑌 .

If 𝑋, 𝑌 are independent, then Cov 𝑋, 𝑌 =  ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

But, if Cov 𝑋, 𝑌 = 0, then ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽
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Properties of covariance for r.v.s 𝑋, 𝑌, 𝑍

Cov 𝑋, 𝑌 ≔ 𝔼 𝑋 − 𝜇𝑋 𝑌 − 𝜇𝑌 .

1. Cov 𝑋, 𝑌 ≤ Var 𝑋 ⋅ Var(𝑌)
2. Symmetric:  Cov 𝑋, 𝑌 = Cov 𝑌, 𝑋

3. (Bi-)linear:  Cov 𝑎𝑋 + 𝑏𝑍, 𝑌 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

4. Cov 𝑋, 𝑋 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽, Cov −𝑋, 𝑋 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽
5. Cov 𝑋, 𝑌 = 𝔼 𝑋𝑌 − 𝜇𝑋 ⋅ 𝜇𝑌.

5






































































































































































































































































































Examples

Let 𝐴, 𝐵 be events and 1𝐴, 1𝐵 be the indicators of those events.  What 
is Cov 1𝐴, 1𝐵 ?
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Ex)  Let 𝑋, 𝑌 ∼ 𝑈𝑛𝑖𝑓(𝐵), where 𝐵 = { 𝑥, 𝑦 : 𝑥2 + 𝑦2 ≤ 1}.

What is Cov(𝑋, 𝑌)?
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Variance of an arbitrary sum of r.v.s

Recall:  For independent r.v.s Var(σ𝑖 𝑋𝑖) =  ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

Fact:  For r.v.s 𝑋1, 𝑋2, … 𝑋𝑛, 

𝑉𝑎𝑟 ෍

𝑖=1

𝑛

𝑋𝑖 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽
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Special case, Var(𝑋 + 𝑌)

Var 𝑋 + 𝑌 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

Proof:  
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Ex)  Let 𝑋 be the number of aces in a 5-card poker hand.  What is 
Var(𝑋)?
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Correlation:  normalized version of covariance

Recall:  Cov 𝑋, 𝑌 ≤ Var 𝑋 ⋅ Var(𝑌)

Properties:

Def:  Corr 𝑋, 𝑌 =
Cov 𝑋,𝑌

Var 𝑋 ⋅Var 𝑌  

• −1 ≤ Corr 𝑋, 𝑌 ≤ 1
• 𝑌 = 𝑎𝑋 + 𝑏 if and only if  Corr 𝑋, 𝑌 = ⎽⎽⎽⎽
• Sign(Cov(𝑋, 𝑌)) = sign(Corr 𝑋, 𝑌 )
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Terminology: correlated

• Uncorrelated:  Corr 𝑋, 𝑌 = ⎽⎽⎽⎽ 

• Postively correlated:  Corr(𝑋, 𝑌)⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

• Negatively correlated:  Corr(𝑋, 𝑌)⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

Note:  Since sign(Cov(𝑋, 𝑌)) =sign(Corr 𝑋, 𝑌 ), we can replace 
Corr(𝑋, 𝑌) with Cov(𝑋, 𝑌) above.
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Variance of uncorrelated sums

If 𝑋1, 𝑋2, … , 𝑋𝑛 are pairwise uncorrelated, i.e., 

Cov 𝑋𝑖 , 𝑋𝑗 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽, then 

𝑉𝑎𝑟 ෍

𝑖=1

𝑛

𝑋𝑖 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽
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