Section 8.4

Covariance and correlation



So far, we have independent r.v.s, and dependent r.v.s.

Q) What can we say about the level of dependence of r.v.s?

Covariance (and correlation) give a partial answer.

N
Def: Let X,Y be rv.s with means uy, uy. The covariance of X and Y is
defined as

9 Cov(X,Y) = E[(X — ux)(Y — uy)]. y




When is covariance positive?

Let (X,Y) ~ Unif[B]. Is covariance positive or negative?































































































































































































































Covariance and dependence

Cov(X,Y) = E[(X — ux)(Y — uy)]. ’N/v oy

If X,Y are independent, then Cov(X,Y) = E\& ”’V’Q ‘G/‘/" ?’U
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Properties of covariance forrv.s X, Y, Z

Cov(X,Y) = E[(X — ux)(Y — uy)].

C |Cov(X,Y)| < \/Var(X) - Var(Y) \
2. Symmetric: Cov(X,Y) = Cov(Y,X)

3. (Bi-)linear: Cov(aX + bZ,Y) = acov (X, r) + U cov @’ 7’)

4. Cov(X,X) = Vol (K) , Cov(—X,X) = "\["fGO
5. COV(X, Y) — ]E[XY] — Ux * Uy. /
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Examples

Let A, B be events and 1,4, 15 be the indicators of those events. What
is Cov(1y,,15)7?

cov (Lo Lg)= EfLals ]~ ELa] Ells)

“E|Lag| - FO-7E)
= p(pB)- PA) T E)

Thos, A & B are inder & Ca«@p,,i@:@,























































































































































































































































































































































































































































































Ex) Let (X,Y) ~ Unif(B), where B = {(x,y):x% + y* < 1}.

What is Cov(X,Y)?

Ay =My = O by symw —W/hﬁ’
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Variance of an arbitrary sum of r.v.s

Recall: For independent rv.s Var(); X;) = éc \Af<><a,)

/Fact: For rv.s X1, X5, ... Xy, \

n é \/M<><;)+ 3 éc_‘ C@J(K;,XJ'>
Var Z:Xi = __ (= Z =N
i=1 W(V\)
2
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Special case, Var(X +Y)

Var(X +Y) = Veer () + Var () + £ Cs\f(x z@

Proof: \/«r(ﬂﬂ’) = &<§<f’}/ TZM)C”%’>Z
= ) #Gar)f
= EE[()Q’M%>Z + @(’/f/‘r) + 2 Q@‘/‘A)C)((f’//ly)j
— \/a"<><> + \/"f6/> - 2 ¢‘9J<></y_>













































































































































































































































































































































































































































































































































Ex) Let X be the number of aces in a 5-card poker hand. What is
Var(X)?

Xc %, iA; A(__; E)’H\ cocd o 44;
Jar®) = %\/“/@A) t < Zé) éw(lﬁ”’ 1’“)

) = e (B ()= @) (o) K CR

e uda)e PO a)- FRYE) s sl b

\o—— 2
n

4.3 )

2"

= v:f,@ = 5 %Q;‘@ T 7@(%22{ ’%>?> / :































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Correlation: normalized version of covariance

Recall: |Cov(X,Y)]| < \/Var(X) - Var(Y)

p
: _ Cov(X,)Y)

Def: Corr(X,Y) = GO Var®

-

Properties:

£ —1 < Corr(X,Y) <1

e Y=aX+b ifandonlyif Corr(X,Y) = - e > &
 Sign(Cov(X,Y)) =sign(Corr(X,Y))

&
















Terminology: correlated

e

* Uncorrelated: Corr(X,Y) = O

» Postively correlated: Corr(X,Y)_2 ©

» Negatively correlated: Corr(X,Y)_< &

"

Note: Since sign(Cov(X,Y)) =sign(Corr(X,Y)), we can replace
Corr(X,Y) with Cov(X,Y) above.


















Variance of uncorrelated sums

If X{,X5, ..., X,, are pairwise uncorrelated, i.e., Cort @‘, XD =
Cov(Xi,Xj) = 0 Cor 14 . then

=1

Var (Zn: Xi) = %’t \/“/(X 2)
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