3

Expectation and variance in multivariate setting



3.1,8.2

Expectation and Variance for sums of r.v.s



Dependence/independence in expected value

Recall, Fact: E[X + Y] = EX + EY even if X and Y are dependent.

~

Really?

Ex) Let X, Y be die rolls (maybe dependent die rolls). Then

E[X+Y]|=EX+EY=_272+t2,56=/

We now verify this fact in two examples.










































Independent case

Roll two dice. Let X = first die roll, Y = second die roll.
Calculate E[X + Y]. ]OX@ > 5 = é{(’/ ey 63

Pmf: px+y(n) — ]73(* P}/CV\)

6
/56

-
/35 Px+y(3) = /;é - Px+y(6) = /6 Dx+y(7) = 122,
/24

Px+y(2) =

5
pX+Y(8) — —/%, ""pX+Y(12) —
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IE[X+Y]=z

n=2

‘k :
7 p(7)
o) D
@H?? &g—
b G- PR
+
-7 ﬁ(/7)

12
n Py (M=) np)
n=2
_ pospl?)
P = pi?) = L5
()= PU)= pE) A1)
2

V4 (P(z)* Pi7) + 7B+ )+ +P(7))

(

























































































































































































































































































































































































































































































































































































































































Now, dependent case

X =dieroll, Y = X.

E[X +Y]=E2¢K=2EX= 255 ;E V4
























































































Proof that E|X + Y| = EX + EY for jointly

continuous r.Vv.s
jb,f'/\‘H‘/ Cwﬂ{' W.\/.\S &\ﬂUP “ \)CD(//\JL le[) y /F

Then E(Ker)= 760 Fray) Ay dx
= [ (s fomdyde + [y Fnddx

< T + 1L
T= /%[ fendy dx = [ “xfusodc= [EX
[ [\/\J [-”
3

g‘\m;/arly/ IE” @Y /






















































































































































































































































































































































































































































































































































































































































































































































/Facts: (Expected value, variance, for multiple r.v.s) \
1. E[X+Y|=EX+EY

2. ElgX) + f(Y)] = Eg(X) + Ef (Y)

3 E[X-Y]=EX-EY Loaguire 1ndop eudooco |
\4. Var(X +Y) =Var(X) +Var(Y)

)

* Which ones require independence?
* Generalizestonrvs, e.g., E[X; + X, + -+ X,,] = EX; + -+ EX,,

— <
* Ex) X,Y are independentdie rolls. E[X - Y] = EX-EVr=t. 5)

Note: In general, Eg(X) # g(EX)!













































































































































Ex) You go to the casino with with 1S. At the roulette wheel, you bet

half of your money on black. Repeat this n times. (Each time you have

18
a - chance of winning).

1. What is the expected value of your final amount? 19
X, o - K =g 72

K= [~ > A rmoeat = I‘ (e 4 C
2 g

Ty~ E[ 7 K = X, EXy B
er\up = @Kbq = @ ‘3@ +’ZL%'§>H

{/94 ﬂurqr/-cjl_\K oL\[II’Q( ;X. P(&«y}/ >/¢9\J /952
V”lVélL ot el moenty,














































































































































































































































































































































































































































































































































































































































































































































































































































































Variance and independence

Option a) Let X,Y be different die rolls.
Option b) Let X,Y be the same dieroll (X =Y).

In which case is Var(X +Y) larger?
) Ul (K E7) = Var(©) Var@) = 2 Var (9

p) Varleen) = VarlKpR) = Var @ =t VarX)














































































































































































































































































G\ct: Let X4, X5, ..., X;, be independent, identically distributed, r.v.s \
with EX; = u, Var(X;) = o2. Then the average,

_ X+ X+ -+ X
X = 1 2 n

n

n
O,'Z
gatisfies EX, = A var(X,) ="~ /

Ex) Flip a/\coin 100 times. Let X be the proportion of heads.

A
WLM‘@ — i(D/O

i EX=_"_,  Var(X)=___io°























































































































































Indicator random variables

/Def: Let A be an event. The indicator of that event, 1, isar.v.
satisfying

| 1, if A occurs
470, else .

¥

N

* 14 ~ Bern(p), wherep = F(A>

- E1, = P*/P(/AD

















































Ex) FI|p a com 100 tlmes Let X be the number of runs of 5 heads in a
row. X EX=¢

Ah:é‘rh(l('? 1S o (e o‘( ;
><_- howds < £ f)l’nj on L0GJ kj
76

B?[LA] é ?(Aza ~ g q7(1+/+m4/+)—— ‘/32
}Z/I

27! [
= 144:7[7]
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Ex) There are 50 people at a party. Each pair are friends with
probability % (independently of other pairs). On average, how many
groups of 4 people where everyone is friends with each other are

there: D
)< [e e 0 pzlee
,l—- A‘L,)hz ¢ :é P@p ¢/ /)/ / }
X é Ao,)/w,a =« friond = fo0p
/J/ \//m
H;)Q/ Zus g[{l'/%//zj g 'ch;é-

9( L N~
P (i 0) =

—
—

14































































































































































































































































































































































































































































































































































Ex) What is the expected number of kings in a poker hand?

><,;4:l: 01' fa‘mji: ﬁgb‘wy? + 2{/@ k/nj ))4’ }’ l@ o ”/57 1/ L[W Z’QJJ

























































































































































































































































































































































































































































































































































































































































































































































































































X

Ex) What is the expected number of pairs in a poker hand? (3 of a kind
will count for 3 pairs, 4 of a kind for 6 pairs.)

X: i IA’L/) AL/_;; {CQ(A& -C/J' have  Seme r"‘@

\!
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