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Expectation and variance in multivariate setting
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8.1,8.2
Expectation and Variance for sums of r.v.s
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Dependence/independence in expected value

Recall, Fact: 𝔼𝔼 𝑋𝑋 + 𝑌𝑌 = 𝔼𝔼𝔼𝔼 + 𝔼𝔼𝔼𝔼 even if 𝑋𝑋 and 𝑌𝑌 are dependent.  
Really?

Ex)  Let 𝑋𝑋,𝑌𝑌 be die rolls (maybe dependent die rolls).  Then 

𝔼𝔼 𝑋𝑋 + 𝑌𝑌 = 𝔼𝔼𝔼𝔼 + 𝔼𝔼𝔼𝔼 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

We now verify this fact in two examples.
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Independent case

Roll two dice. Let 𝑋𝑋 = first die roll, 𝑌𝑌 = second die roll.  
Calculate 𝔼𝔼 𝑋𝑋 + 𝑌𝑌 .

Pmf:  𝑝𝑝𝑋𝑋+𝑌𝑌 𝑛𝑛 = ⎽⎽⎽⎽⎽⎽⎽⎽

𝑝𝑝𝑋𝑋+𝑌𝑌 2 = ⎽⎽⎽⎽,𝑝𝑝𝑋𝑋+𝑌𝑌 3 = ⎽⎽⎽⎽, … ,𝑝𝑝𝑋𝑋+𝑌𝑌 6 = ⎽⎽⎽⎽,𝑝𝑝𝑋𝑋+𝑌𝑌 7 = ⎽⎽⎽⎽,

𝑝𝑝𝑋𝑋+𝑌𝑌 8 = ⎽⎽⎽⎽, … ,𝑝𝑝𝑋𝑋+𝑌𝑌 12 = ⎽⎽⎽⎽
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𝔼𝔼 𝑋𝑋 + 𝑌𝑌 = �
𝑛𝑛=2

12

𝑛𝑛 𝑝𝑝𝑋𝑋+𝑌𝑌(𝑛𝑛)=�
𝑛𝑛=2
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𝑛𝑛 𝑝𝑝(𝑛𝑛)
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Now, dependent case

𝑋𝑋 =die roll, 𝑌𝑌 = 𝑋𝑋.

𝔼𝔼 𝑋𝑋 + 𝑌𝑌 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽
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Proof that 𝐸𝐸 𝑋𝑋 + 𝑌𝑌 = 𝐸𝐸𝐸𝐸 + 𝐸𝐸𝐸𝐸 for jointly 
continuous r.v.’s
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• Which ones require independence?
• Generalizes to 𝑛𝑛 r.v.s, e.g., 𝔼𝔼 𝑋𝑋1 + 𝑋𝑋2 + ⋯+ 𝑋𝑋𝑛𝑛 = 𝔼𝔼𝑋𝑋1 + ⋯+ 𝔼𝔼𝑋𝑋𝑛𝑛

• Ex)  𝑋𝑋,𝑌𝑌 are independent die rolls.  𝔼𝔼 𝑋𝑋 ⋅ 𝑌𝑌 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

Note:  In general, 𝔼𝔼𝔼𝔼 𝑋𝑋 ≠ 𝑔𝑔 𝔼𝔼𝔼𝔼 !

Facts:  (Expected value, variance, for multiple r.v.s)  
1. 𝔼𝔼 𝑋𝑋 + 𝑌𝑌 = 𝔼𝔼𝔼𝔼 + 𝔼𝔼𝔼𝔼
2. 𝔼𝔼 𝑔𝑔 𝑋𝑋 + 𝑓𝑓 𝑌𝑌 = 𝔼𝔼𝔼𝔼 𝑋𝑋 + 𝔼𝔼𝔼𝔼(𝑌𝑌)

3. 𝔼𝔼 𝑋𝑋 ⋅ 𝑌𝑌 = 𝔼𝔼𝔼𝔼 ⋅ 𝔼𝔼𝔼𝔼
4. Var 𝑋𝑋 + 𝑌𝑌 =Var 𝑋𝑋 +Var(𝑌𝑌)
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Ex)  You go to the casino with with 1$.  At the roulette wheel, you bet 
half of your money on black.  Repeat this 𝑛𝑛 times. (Each time you have 
a 18
38

chance of winning).

1. What is the expected value of your final amount?
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Variance and independence

Option a)  Let 𝑋𝑋,𝑌𝑌 be different die rolls.

Option b)  Let 𝑋𝑋,𝑌𝑌 be the same die roll (𝑋𝑋 = 𝑌𝑌).

In which case is 𝑉𝑉𝑉𝑉𝑉𝑉(𝑋𝑋 + 𝑌𝑌) larger?
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Ex)  Flip a coin 100 times.  Let 𝑋𝑋 be the proportion of heads.

𝔼𝔼𝔼𝔼 = ⎽⎽⎽⎽, Var 𝑋𝑋 = ⎽⎽⎽⎽

Fact:  Let 𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑛𝑛 be independent, identically distributed, r.v.s
with 𝔼𝔼𝑋𝑋𝑖𝑖 = 𝜇𝜇, Var 𝑋𝑋𝑖𝑖 = 𝜎𝜎2.  Then the average, 

�𝑋𝑋𝑛𝑛 =
𝑋𝑋1 + 𝑋𝑋2 + ⋯+ 𝑋𝑋𝑛𝑛

𝑛𝑛

satisfies   𝔼𝔼 �𝑋𝑋𝑛𝑛 = ⎽⎽⎽⎽, Var( �𝑋𝑋𝑛𝑛) = ⎽⎽⎽⎽.
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Indicator random variables

• 1𝐴𝐴 ∼ 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵(𝑝𝑝),  where 𝑝𝑝 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽.

• 𝔼𝔼1𝐴𝐴 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

Def:  Let 𝐴𝐴 be an event.  The indicator of that event, 1𝐴𝐴 is a r.v. 
satisfying

1𝐴𝐴 = � 1, if 𝐴𝐴 occurs
0, else .
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Ex)  Flip a coin 100 times.  Let 𝑋𝑋 be the number of runs of 5 heads in a 
row.  What is the distribution of 𝑋𝑋?  
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Ex)  There are 50 people at a party.  Each pair are friends with 
probability 1

10
(independently of other pairs).  On average, how many 

groups of 4 people where everyone is friends with each other are 
there? 
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Ex)  What is the expected number of kings in a poker hand? 
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Ex)  What is the expected number of pairs in a poker hand?  (3 of a kind 
will count for 3 pairs, 4 of a kind for 6 pairs.)
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