
7.1
Sums of independent r.v.s

(Note:  7.2 not part of class material)
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Q)  What is the distribution of 𝑋𝑋 + 𝑌𝑌?
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Ex) Pmf of 𝑋𝑋,𝑌𝑌 given in table.

𝑃𝑃 𝑋𝑋 + 𝑌𝑌 = 0 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

𝑃𝑃 𝑋𝑋 + 𝑌𝑌 = 1 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

𝑃𝑃 𝑋𝑋 + 𝑌𝑌 = 2 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

𝑃𝑃 𝑋𝑋 + 𝑌𝑌 = 3 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

𝑃𝑃 𝑋𝑋 + 𝑌𝑌 = 4 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽
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Generalizing, discrete case
If 𝑋𝑋,𝑌𝑌 have joint pmf 𝑝𝑝 and take values in {0,1,2, … },

then  𝑃𝑃 𝑋𝑋 + 𝑌𝑌 = 𝑛𝑛 = 𝑝𝑝 0,𝑛𝑛 + ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

More generally, if X, Y have joint pmf 𝑝𝑝.  Then
𝑃𝑃 𝑋𝑋 + 𝑌𝑌 = 𝑛𝑛 = �

𝑘𝑘

⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

If 𝑋𝑋,𝑌𝑌 are independent, then this becomes:

𝑃𝑃 𝑋𝑋 + 𝑌𝑌 = 𝑛𝑛 = �
𝑘𝑘

⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽
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Pmf of sum of indep. r.v.s is convolution of individual pmfs

• 𝑝𝑝𝑋𝑋 ∗ 𝑝𝑝𝑌𝑌 is the convolution of 𝑝𝑝𝑋𝑋 and 𝑝𝑝𝑌𝑌.  In words, “the pmf for 𝑋𝑋 + 𝑌𝑌
is the convolution of the pmf for 𝑋𝑋 with the pmf for 𝑌𝑌”.

• 𝑓𝑓𝑋𝑋 ∗ 𝑓𝑓𝑌𝑌 is the convolution of 𝑓𝑓𝑋𝑋 and 𝑓𝑓𝑌𝑌

Fact: Let 𝑋𝑋,𝑌𝑌 be independent.  Then 𝑋𝑋 + 𝑌𝑌 satisfies:
Discrete case:   
pX+Y n = ∑𝑘𝑘 𝑝𝑝𝑋𝑋 𝑘𝑘 𝑝𝑝𝑌𝑌 𝑛𝑛 − 𝑘𝑘 =: 𝑝𝑝𝑋𝑋 ∗ 𝑝𝑝𝑌𝑌(𝑛𝑛).

Continuous case:
𝑓𝑓𝑋𝑋+𝑌𝑌 𝑧𝑧 =
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Examples
(Using convolution to find pmf or pdf of 𝑋𝑋 + 𝑌𝑌)
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Ex)  𝑋𝑋 ∼ 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝜆𝜆 ,𝑌𝑌 ∼ 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝛼𝛼 , 𝑋𝑋,𝑌𝑌 are independent.  What is 
pmf of 𝑋𝑋 + 𝑌𝑌?

𝑝𝑝𝑋𝑋+𝑌𝑌 𝑛𝑛 = 𝑝𝑝𝑋𝑋 ∗ 𝑝𝑝𝑌𝑌 𝑛𝑛 =
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Ex)  𝑋𝑋,𝑌𝑌 ∼ 𝑁𝑁(0,1) are independent.  What is pdf of 𝑋𝑋 + 𝑌𝑌?
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Ex)  𝑋𝑋,𝑌𝑌 ∼ 𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈[0,1].  What is the pdf of 𝑋𝑋 + 𝑌𝑌?
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