
Section 6.3
Joint distributions and independence
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Jointly discrete and independent

Ex)  𝑋𝑋,𝑌𝑌 are the results of two die rolls.  
Marginal pmfs:  𝑝𝑝𝑋𝑋 𝑘𝑘 = ⎽⎽⎽⎽

Joint pmf:  𝑝𝑝 𝑘𝑘, 𝑙𝑙 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

Fact:  Let 𝑋𝑋,𝑌𝑌 have joint pmf 𝑝𝑝 and marginal pmfs 𝑝𝑝𝑋𝑋,𝑝𝑝𝑌𝑌.  Then 𝑋𝑋
and 𝑌𝑌 are independent if and only if

𝑝𝑝 𝑘𝑘, 𝑙𝑙 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

for all possible values of 𝑘𝑘, 𝑙𝑙.
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Ex)  Roll two dice.  𝑋𝑋 is first die roll, 𝑆𝑆 is the sum.  Are 𝑋𝑋, 𝑆𝑆
independent?
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Ex)  Now, 𝑋𝑋 is the first die roll and 

𝑌𝑌 = �1, 𝑖𝑖𝑖𝑖 𝑠𝑠𝑠𝑠𝑠𝑠 𝑖𝑖𝑖𝑖 7
0, 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒.

Are 𝑋𝑋,𝑌𝑌 independent?
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Jointly continuous and independent

Fact:  For jointly continuous, independent r.v.s, 𝑋𝑋,𝑌𝑌 with joint density 
𝑓𝑓 and marginal densities 𝑓𝑓𝑋𝑋 and 𝑓𝑓𝑌𝑌, 

𝑓𝑓 𝑥𝑥,𝑦𝑦 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽ for all 𝑥𝑥,𝑦𝑦 ∈ ℝ.
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Nuanced version of cont. and independent

Fact:  Let X,𝑌𝑌 be r.v.s on the same sample space with marginal 
densities 𝑓𝑓𝑋𝑋 and 𝑓𝑓𝑌𝑌.  
• If 𝑋𝑋,𝑌𝑌 have joint density function
𝑓𝑓 𝑥𝑥,𝑦𝑦 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽ for all 𝑥𝑥,𝑦𝑦 ∈ ℝ
then 𝑋𝑋,𝑌𝑌 are independent.
• Conversely, if 𝑋𝑋,𝑌𝑌 are independent, then they are jointly 

continuous with joint density function
𝑓𝑓 𝑥𝑥,𝑦𝑦 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽ for all 𝑥𝑥,𝑦𝑦 ∈ ℝ
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Ex)  Multivariate Gaussian

Let 𝑋𝑋,𝑌𝑌 ∼ 𝑁𝑁(0,1) be independent standard normal r.v.s.  What is their 
joint density function?
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