Section 6.2

Jointly continuous random variables



>

Def: R.v.s X,Y are called jointly continuous if there exists at joint
density function f: R? - R such that for any subset B c R?,

P((X,Y) €B) = éff(x,\/)d)x'o{y

I
c fle,y) =0

)

27 fy) =L

Ex) Let (X,Y) be uniformly chosen from the square, S = [0,1] X

[0,1]
Then, (x.y) = / (o) €5 ;% o
f X, Y) = O (X/V) 4_; I !



































































































































































































Expected value

4 N

Fact: Let g: R* > R and let X, Y be r.v.s with joint density function f.
Then

< 4

































































































Ex) Let (X,Y) be uniformly chosen from S. What is E|X + Y|?

A 5 |
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Jointly continuous vs continuous marginals

Q) If X is continuous and Y is continuous, must (X, Y) be jointly
continuous? No! (oo, tesr exaplon W u,v,;lc@,(j/ V=X
fepposs  bor comtealichion,  (,7)  ape Joamty, oat, The

Fhey  havt  soms pd$ €. [of [_= ié,y): X=Y, x/yé@l’})

<(7()T’>CL-> [/Fé(,y)ds(a{y O )T/L
T~ l-Aym {,,)g N |
[{swaver, X—= Y, 5o PkS) L) = P(L=¥)= | =& A4

Q) If (X,Y) are jointly continuous, must X and Y each be continuous?

Yes ,‘



































































































































































































































































































































































































































































































































































































































































































































































































































































































Marginals

Fact: Let X,Y have joint density function f. Then X is continuous
with pdf fy satisfying

fx(x) = 47%9\/) O(y y «fﬂ\/) ;I’O T v)dx

E><> ()(/)—> cur it Lhostn unifarmly frem Sz (0] x (0]
Poy)= & Eiv) €S Feo Keli ()

4 ’o /
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Technical challenge: Finding bounds of integration

Ex) Let (X,Y) have joint pdf

erxz .y} O <x<1 nd@
f X, =
( y) { 0,

else

_x°
v/ 2=Y

Q) Whatis P(X < Y)? N
_ __— /
P(xe0)= S e nday, AT
= =
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Uniform r.v.s in higher dimensions

/Def: Let D be a subset of R? with area(D)< . The random point \
(X,Y) is uniformly distributed on D if its joint density function is

L

) = ) (V) ED
K > O @/Y) QLP J

* Notation: (X,Y) ~ Unif (D)
* In three dimensions, area is replaced by volume.

* In n dimensions, it is replaced by hypervolume (volume in > 3
dimensions)
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Ex) Uniform on ball

Let (X,Y) ~ Unif(B) where B = {(x,y): x*+
Q) What is the marginal of X?

1(;4(%) >? For X 4——-(“(/ /j

FO(_ XGE"/IJ
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Ex) Uniform on high-dimensional ball

Let (X1, X5, ..., X;,) ~ Unif(\/ﬁBﬂ‘ﬁ where

Vi B, = {(x{, X3, e, Xp): X% + -+ x2 < 1)

What is the marginal of X;?
b Vo= Vel wite fr rre Vol(e Ba)= " Vo)
Vol @B = 7V, = Vi

L@\/ ¥o,. Xﬁ\ {/A\/“ <%, & Jn B
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