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Joint distribution of random variables






Random vector

——————

((Xl,Xz, vy X )]

—

Q) What is the joint distribution or all r.v.s?

Q) Given the joint distribution, how to do you find marginal
distributions, i.e., distributions for each individual r.v. X;?

Q) How to compute Eg(Xy, X5, ..., X;)?






Simplification: Consider two r.v.s (X,Y)

 All ideas will generalize naturally to more r.v.s.

* See book (or ask me questions) regarding the case or more r.v.s



0.1

Joianistribution of discrete random variables









e

Def: Let X, Y be discrete r.v.s defined on the same sample space.

Their joint probability mass function (joint pmf) is defined by
p(k, ) =PX =k Y =1)

for all values k and [ that X and Y can take.

(U

Ex) Roll two dice, X = first die roll, Y = second die roll.

l
p(11) =p(12) = ... = p(56) = p(6,6) = __ /55

Note: In this case X, Y are independent, more on that later.















Ex) Flip coin 3 times. Sample space: 0 ={HHH, HHT, ..., TTT}.
X = number of heads

.y — {1 if you get at least 2 heads in a row

0 otherwise

X
0 1 2 3
Y |o ATTT HTT) THT i HTH § 3
1 [l £ 53 BT, THH| HHY
&oint pmf table: Entry (i,j) = P(Y =i, X = )
?%TTf) X
0 1 2 3
Y |[o #0,00=1/8 | >/ Vg O
@ o 7'e /%
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What about the marginal distributions, i.e., how to find pmf of X and
pmf of Y?

X
0 1 2 3
Y o {(1/8) 3/8 1/8 0 ’ 72
/(0 0 2/8 1/8 |3
B REEERE /

\

. -
7(x=0)= PUx=0, =) tP(x=s,v=1) = G +2=

p(ho)—,, P@’ 0, K= °©) .+ Pérso/w% p(r=2,x=D P (=9 K;}>

























































































































































































































































































































































































































































































































































Marginal pmf

/Def: Let p(k, l) be the joint pmf of (X,Y). Then the pmf of X is given\

by
px() = ) p(k,D.
l
Qx is called the marginal pmf of of X. /

¢ e 0)
k.

Similarly, py (1) =


































Expected value of g(X,Y)
- N

Def: Let g: R? > R and let X, Y be discrete r.v.s with joint pmf p.
Then

Svm Md—‘( 00

— é <f"/Q) Q‘l Q> e vl¢
5 Eg(X,Y) = = Z"9 P x,f :my





























































































































































Ex) Flip 3 coins, you win 1 dollar for each head, but only if there are at

least two heads in a row.

X
0 1 2 3
Y |o 1/8 3/8 1/8 0
1 0 0 2/8 1/8

Dollarswon=X ‘Y
4
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Prisoner’s dilemna

Two bank robbers, Xavier, and Yolanda, are caught and questioned. They
each have two options.

Option 1: Testify against accomplice
Option 0: Remain silent

Let X be Xavier’s choice, Y be Yolanda’s choice. Suppose that Xavier chooses

Option 1 with probability p, and Yolanda chooses Option 1 with probability q
(independently), so

p(1,1) =pq, p(1,0) = PQ‘ 7/> :

pOD =P p00) = Lo-7)









































































Years in jail:

Q: What is the expected total Y=0lx=1
number of years in jail? 7

7= bty r=0 WIS
T = 7 F@’D>+ pJ |9Q¢0>

Y =1/ (50) | (33)

vspe) + 6 P0Y
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%gT: ~2(-) +5G-1) —Sa + 69
= 3(-2)+9 =3-29 20
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Years in jail:

Q: What is the expected number Y=0lx=1
of years in jail for Xavier?

TX" ap; Lo Kavier Y =0 @1) (@75)
TT,= | 769« Ofbe) |V=1 G0 | 33)

= (lwi’)(‘ﬁf) g 9@*?)-7/ F 5P

A ETx= _Q’ﬂvﬁqf +39.= ] +9 -29 ~=-I[- o < O
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