
6
Joint distribution of random variables
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Random vector

(𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑛𝑛 )

Q) What is the joint distribution or all r.v.s?

Q) Given the joint distribution, how to do you find marginal 
distributions, i.e., distributions for each individual r.v. 𝑋𝑋𝑖𝑖?

Q) How to compute 𝔼𝔼𝔼𝔼(𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑛𝑛)?
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Simplification:  Consider two r.v.s (𝑋𝑋,𝑌𝑌)

• All ideas will generalize naturally to more r.v.s.

• See book (or ask me questions) regarding the case or more r.v.s
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6.1
Join distribution of discrete random variables
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Ex)  Roll two dice, 𝑋𝑋 = first die roll, 𝑌𝑌 = second die roll.

𝑝𝑝 1,1 = 𝑝𝑝 1,2 = … = 𝑝𝑝 5,6 = 𝑝𝑝 6,6 = ⎽⎽⎽⎽⎽⎽⎽⎽

Note:  In this case 𝑋𝑋,𝑌𝑌 are independent, more on that later.

Def:  Let 𝑋𝑋,𝑌𝑌 be discrete r.v.s defined on the same sample space.  
Their joint probability mass function (joint pmf) is defined by

𝑝𝑝 𝑘𝑘, 𝑙𝑙 = 𝑃𝑃 𝑋𝑋 = 𝑘𝑘,𝑌𝑌 = 𝑙𝑙
for all values 𝑘𝑘 and 𝑙𝑙 that 𝑋𝑋 and 𝑌𝑌 can take.
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Ex)  Flip coin 3 times.  Sample space: Ω ={HHH, HHT, …, TTT}.
• 𝑋𝑋 = number of heads

• 𝑌𝑌 = �1 if you get at least 2 heads in a row
0 otherwise

0 1 2 3

0 TTT

1

𝑋𝑋

𝑌𝑌

0 1 2 3

0 𝑝𝑝 0, 0 = 1/8

1

𝑋𝑋

𝑌𝑌

Joint pmf table:  Entry 𝑖𝑖, 𝑗𝑗 = 𝑃𝑃(𝑌𝑌 = 𝑖𝑖,𝑋𝑋 = 𝑗𝑗)

6





































































































































































































































































































































































What about the marginal distributions, i.e., how to find pmf of 𝑋𝑋 and 
pmf of 𝑌𝑌?

0 1 2 3

0 1/8 3/8 1/8 0

1 0 0 2/8 1/8

𝑋𝑋

𝑌𝑌
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Marginal pmf

Similarly, 𝑝𝑝𝑌𝑌 𝑙𝑙 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

Def:  Let 𝑝𝑝(𝑘𝑘, 𝑙𝑙) be the joint pmf of 𝑋𝑋,𝑌𝑌 . Then the pmf of 𝑋𝑋 is given 
by     

𝑝𝑝𝑋𝑋 𝑘𝑘 = �
𝑙𝑙

𝑝𝑝 𝑘𝑘, 𝑙𝑙 .

𝑝𝑝𝑥𝑥 is called the marginal pmf of of 𝑋𝑋.
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Expected value of 𝑔𝑔(𝑋𝑋,𝑌𝑌)

Def:  Let 𝑔𝑔:ℝ2 → ℝ and let 𝑋𝑋,𝑌𝑌 be discrete r.v.s with joint pmf 𝑝𝑝.  
Then

𝔼𝔼𝔼𝔼 𝑋𝑋,𝑌𝑌 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽
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Ex)  Flip 3 coins, you win 1 dollar for each head, but only if there are at 
least two heads in a row.  

Dollars won = 𝑋𝑋 ⋅ 𝑌𝑌

𝔼𝔼 𝑋𝑋 ⋅ 𝑌𝑌 =

0 1 2 3

0 1/8 3/8 1/8 0

1 0 0 2/8 1/8

𝑋𝑋

𝑌𝑌
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Prisoner’s dilemna

Two bank robbers, Xavier, and Yolanda, are caught and questioned. They 
each have two options.
Option 1:  Testify against accomplice  
Option 0:  Remain silent

Let 𝑋𝑋 be Xavier’s choice, 𝑌𝑌 be Yolanda’s choice.  Suppose that Xavier chooses 
Option 1 with probability 𝑝𝑝, and Yolanda chooses Option 1 with probability 𝑞𝑞
(independently), so

𝑝𝑝 1,1 = 𝑝𝑝𝑝𝑝, 𝑝𝑝 1,0 = ⎽⎽⎽⎽⎽⎽⎽⎽,

𝑝𝑝 0,1 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽, 𝑝𝑝 0,0 = ⎽⎽⎽⎽⎽⎽⎽⎽
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Years in jail:
Q:  What is the expected total 
number of years in jail?

𝑋𝑋 = 0 𝑋𝑋 = 1

𝑌𝑌 = 0 (1,1) (0, 5)

𝑌𝑌 = 1 (5,0) (3,3)
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Years in jail:
Q:  What is the expected number
of years in jail for Xavier?

𝑋𝑋 = 0 𝑋𝑋 = 1

𝑌𝑌 = 0 (1,1) (0, 5)

𝑌𝑌 = 1 (5,0) (3,3)
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