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Joint distribution of random variables:
Summary and Example problems






Analogues between univariate and
multivariate guantities

T

Pmf: p(k) = P(X = k) p(k,) =P(X = k,Y =)

Pdf: f(x) fx,y)

Expected value of a function: Eg(x) = X, g(k)p(k)  or Eg(x,y) = Yg(k, Dp(k, ) or
Eg(x) = [ gCf (x)dx Eg(x,y) = | | g0, y)f (x, y)dxdy

Probabilities P(X € B) = Y yepp(k) or P((X,Y) € B) = Xpnesp(k, 1) or

P(X €B) = d
(X €B) fo(x) X P((X;Y) EB) :gf(x,y)dXdy









Main new ideas with multiples r.v.s

Marginals: Given the joint distribution of X, Y, find the distribution of just X
(and of just Y).

px(0) =D Pk, f() = [fxy) dy
i

Independence: p(k,l) = Mpwﬂv@ , flx,y) = &@)-fy(y)

Uniform r.v. in high dimensions:
Ex) Let (x,y,z) ~ Unif(B), B ={(x,y,2):x* + y?> + z? < r?}.

Jaq® &v2) B
Then f(x,y,z) = {O <><,\/,Z)4:(3






















































































































































































































































Technical challenge: Double integrals
(bounds of integration)



Ex) Let (X,Y) ~ Unif(S), S =1[0,1] x [0,1].
What is P(X = 2Y)?

?( K7 2Y> = {7(@/\06 § &) ><72y§>
(5
- /&[ ’C(*fﬂ ﬁéydlx
%2
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- f! e = 5| = [E
































































































































































































































































































































































































































































































































































































































































Ex) Let (X,Y) ~ Unif (S), S=[01]x[01].  Fféw= g [ e

@ ne.

What are the marginal distributions of X and Y'?

o= [, fendy e R L I

4’54
Foc X@’é‘(}/ %‘IY):O 5'(’/14‘( ( /]
(larly (V -
So KU ’ ][;/ / l&/ éétﬂ

For X C’("‘j/ ﬂ(@)-«fo(la(w/

Are X andY mdependent?
F o f® 2 Fey)  For ol sy

LHS = l@é(ﬂjj l(:/é@j @v@v)é[vz]}d@zfjj Fey) /

\(Q§/ nday,

















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Ex) Suppose that

flx,y) =+

X,Y have joint density function

(12
7(xy+y2), 0<x<1,

a) Check that f is a genuine density function.

b) Find the margi

c) Calculate P(X
d) Calculate EX?

inal density function of Y.
<Y).
Y.

\ 0, otherwise .



(12
f(xy)_<—(xy+y2) 0<x<l1, 0<y<l1

\ 0, otherwise .
a) Check that f is a genuine density function.

Need |> pzo V2 =]














































































































































































































































































































































































































































































































































































(12
f(x’y)=<7(xy+y2), 0<x<1, 0 <

\ 0, otherwise .

b) Find the marginal density function of Y.

fy tv) = (: (e dx = ﬁ%hﬂ) O

Q(}C


























































































































































































(12
foy) =17 Y70,

\ 0,

c) Calculate P(X <Y).

f/ %wy s Ay

0<x<1,

otherwise .

Ans: —


































































































































































(12
fly) =47 Gy+y),  0sx<1 0sy<l

\ 0, otherwise .

d) Calculate EX?Y.

ED‘?YJ; ffxzf {6, v)dxdy = L({D/ ><7-\/-%(><y+\/75 Ay oy

2
Ans: —
7






















































































































































































































































Q) Let X,Y have pmf given by following table. Are X,Y independent?

X
0 1 2
pa—
0 1 1 1 1T
v 16 16 8 [0 PV(\O

1 1 1 1 ]
16 16 8 U

2 1 1 1 Is
8 8 4 E
(  hecle  tha? Jh
B

) = %

M Fxb(? PY (\/) g‘/kf( \/>
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