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Joint distribution of random variables:

Summary and Example problems






Analogues between univariate and 
multivariate quantities

1 r.v. 𝑿𝑿 2 r.v.s 𝑿𝑿,𝒀𝒀

Pmf: 𝑝𝑝 𝑘𝑘 = 𝑃𝑃(𝑋𝑋 = 𝑘𝑘) 𝑝𝑝 𝑘𝑘, 𝑙𝑙 = 𝑃𝑃(𝑋𝑋 = 𝑘𝑘,𝑌𝑌 = 𝑙𝑙)

Pdf: 𝑓𝑓(𝑥𝑥) 𝑓𝑓(𝑥𝑥,𝑦𝑦)

Expected value of a function: 𝔼𝔼𝔼𝔼 𝑥𝑥 = ∑𝑘𝑘 𝑔𝑔 𝑘𝑘 𝑝𝑝(𝑘𝑘) or

𝔼𝔼𝔼𝔼 𝑥𝑥 = ∫ 𝑔𝑔 𝑥𝑥 𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑

𝔼𝔼𝔼𝔼 𝑥𝑥,𝑦𝑦 = ∑𝑔𝑔 𝑘𝑘, 𝑙𝑙 𝑝𝑝(𝑘𝑘, 𝑙𝑙) or

𝔼𝔼𝔼𝔼 𝑥𝑥,𝑦𝑦 = ∫ ∫ 𝑔𝑔 𝑥𝑥,𝑦𝑦 𝑓𝑓 𝑥𝑥, 𝑦𝑦 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

Probabilities 𝑃𝑃 𝑋𝑋 ∈ 𝐵𝐵 = ∑𝑘𝑘∈𝐵𝐵 𝑝𝑝(𝑘𝑘) or

𝑃𝑃 𝑋𝑋 ∈ 𝐵𝐵 = ∫𝐵𝐵 𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑

𝑃𝑃 𝑋𝑋,𝑌𝑌 ∈ 𝐵𝐵 = ∑ 𝑘𝑘,𝑙𝑙 ∈𝐵𝐵 𝑝𝑝(𝑘𝑘, 𝑙𝑙) or

𝑃𝑃 𝑋𝑋,𝑌𝑌 ∈ 𝐵𝐵 = �𝑓𝑓 𝑥𝑥,𝑦𝑦 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑









Main new ideas with multiples r.v.s

Marginals:  Given the joint distribution of 𝑋𝑋,𝑌𝑌, find the distribution of just 𝑋𝑋
(and of just 𝑌𝑌).

𝑝𝑝𝑋𝑋 𝑘𝑘 = �𝑝𝑝(𝑘𝑘, 𝑙𝑙) , 𝑓𝑓𝑋𝑋 𝑥𝑥 = ∫ 𝑓𝑓 𝑥𝑥, 𝑦𝑦

Independence:  𝑝𝑝 𝑘𝑘, 𝑙𝑙 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽, 𝑓𝑓 𝑥𝑥,𝑦𝑦 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

Uniform r.v. in high dimensions:  
Ex)  Let 𝑥𝑥, 𝑦𝑦, 𝑧𝑧 ∼ 𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈 𝐵𝐵 , 𝐵𝐵 = 𝑥𝑥, 𝑦𝑦, 𝑧𝑧 : 𝑥𝑥2 + 𝑦𝑦2 + 𝑧𝑧2 ≤ 𝑟𝑟2 .

Then 𝑓𝑓 𝑥𝑥,𝑦𝑦, 𝑧𝑧 =






















































































































































































































































Technical challenge:  Double integrals
(bounds of integration)



Ex)  Let 𝑋𝑋,𝑌𝑌 ∼ 𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈 𝑆𝑆 , 𝑆𝑆 = 0,1 × [0,1].
What is 𝑃𝑃 𝑋𝑋 ≥ 2𝑌𝑌 ?































































































































































































































































































































































































































































































































































































































































Ex)  Let 𝑋𝑋,𝑌𝑌 ∼ 𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈 𝑆𝑆 , 𝑆𝑆 = 0,1 × [0,1].
What are the marginal distributions of 𝑋𝑋 and 𝑌𝑌?

Are 𝑋𝑋 and 𝑌𝑌 independent?

















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Ex)  Suppose that 𝑋𝑋,𝑌𝑌 have joint density function

𝑓𝑓 𝑥𝑥, 𝑦𝑦 = �
12
7 𝑥𝑥𝑥𝑥 + 𝑦𝑦2 , 0 ≤ 𝑥𝑥 ≤ 1, 0 ≤ 𝑦𝑦 ≤ 1

0, 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 .

a) Check that 𝑓𝑓 is a genuine density function.
b) Find the marginal density function of 𝑌𝑌.
c) Calculate 𝑃𝑃(𝑋𝑋 < 𝑌𝑌).
d) Calculate 𝔼𝔼𝑋𝑋2𝑌𝑌.



𝑓𝑓 𝑥𝑥, 𝑦𝑦 = �
12
7 𝑥𝑥𝑥𝑥 + 𝑦𝑦2 , 0 ≤ 𝑥𝑥 ≤ 1, 0 ≤ 𝑦𝑦 ≤ 1

0, 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 .
a) Check that 𝑓𝑓 is a genuine density function.














































































































































































































































































































































































































































































































































































𝑓𝑓 𝑥𝑥, 𝑦𝑦 = �
12
7 𝑥𝑥𝑥𝑥 + 𝑦𝑦2 , 0 ≤ 𝑥𝑥 ≤ 1, 0 ≤ 𝑦𝑦 ≤ 1

0, 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 .

b)  Find the marginal density function of 𝑌𝑌.


























































































































































































𝑓𝑓 𝑥𝑥, 𝑦𝑦 = �
12
7 𝑥𝑥𝑥𝑥 + 𝑦𝑦2 , 0 ≤ 𝑥𝑥 ≤ 1, 0 ≤ 𝑦𝑦 ≤ 1

0, 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 .

c) Calculate 𝑃𝑃(𝑋𝑋 < 𝑌𝑌).

Ans: 9
14


































































































































































𝑓𝑓 𝑥𝑥, 𝑦𝑦 = �
12
7 𝑥𝑥𝑥𝑥 + 𝑦𝑦2 , 0 ≤ 𝑥𝑥 ≤ 1, 0 ≤ 𝑦𝑦 ≤ 1

0, 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 .

d) Calculate 𝔼𝔼𝑋𝑋2𝑌𝑌.

Ans: 2
7






















































































































































































































































Q) Let 𝑋𝑋,𝑌𝑌 have pmf given by following table.  Are 𝑋𝑋,𝑌𝑌 independent?
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