
Section 5.2
Distribution of a function of a random variable

(I.e., what is the dist. of 𝑔𝑔(𝑋𝑋)?)
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Ex)  Let 𝑋𝑋 ∼ 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵(𝑝𝑝).  What is the distribution of 𝑌𝑌 ≔ 𝑋𝑋3 + 3?

If 𝑋𝑋 = 0, 𝑌𝑌 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽,    this occurs with probability ⎽⎽⎽⎽
If 𝑋𝑋 = 1, 𝑌𝑌 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽,    this occurs with probability ⎽⎽⎽⎽

Thus, 𝑌𝑌 has pmf:  ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

In above example, 𝑌𝑌 = 𝑔𝑔 𝑋𝑋 = 𝑋𝑋3 + 3, where 𝑔𝑔 is a one-to-one 
function. 
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One-to-one function of discrete random variable:
Let 𝑋𝑋 be a discrete random variable,𝑔𝑔 a one-to-one function, and 
𝑌𝑌 = 𝑔𝑔(𝑋𝑋). 

For each value 𝑙𝑙 that 𝑌𝑌 can take, there is a value 𝑘𝑘 of 𝑋𝑋 such that 
𝑔𝑔 𝑘𝑘 = 𝑙𝑙. Then,
𝑝𝑝𝑌𝑌 𝑙𝑙 = 𝑝𝑝𝑥𝑥 𝑘𝑘 = 𝑝𝑝𝑋𝑋(𝑔𝑔−1 𝑙𝑙 ). 

Q)  𝑋𝑋 ∼ 𝐵𝐵𝐵𝐵𝐵𝐵 2, 1
2

. What is the pmf of 𝑋𝑋?
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Discrete, but 𝑔𝑔 is not one-to-one

Ex) Let 𝑋𝑋 be uniformly chosen from {−1, 0, 1}.  Let 𝑌𝑌 = 𝑋𝑋2.
What values can 𝑌𝑌 take?  ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽
𝑝𝑝𝑌𝑌 0 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽
𝑝𝑝𝑌𝑌 1 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

General function of discrete random variable: Let 𝑋𝑋 be a discrete r.v. 
with pmf 𝑝𝑝𝑋𝑋, let 𝑌𝑌 = 𝑔𝑔(𝑋𝑋).  Then 𝑌𝑌 is discrete with pmf satisfying

𝑝𝑝𝑌𝑌 𝑙𝑙 = �
𝑘𝑘:𝑔𝑔 𝑘𝑘 =𝑙𝑙

𝑝𝑝𝑋𝑋(𝑘𝑘)
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Q)  Let 𝑋𝑋 ∼ 𝐵𝐵𝐵𝐵𝐵𝐵 𝑛𝑛, 1
2

, where 𝑛𝑛 is odd.  What is the pmf of cos 𝜋𝜋𝜋𝜋 ?
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Continuous case

Above, 𝑔𝑔 "𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑟𝑟. 𝑣𝑣. " = "𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑟𝑟. 𝑣𝑣. "

Q) Is 𝑔𝑔 "𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑟𝑟. 𝑣𝑣. " = "𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑟𝑟. 𝑣𝑣. "?
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Two methods for deriving dist of 𝑔𝑔(𝑋𝑋)
in continuous case
1) Derive cdf

2) There is a formula for pdf of 𝑔𝑔 𝑋𝑋 similar to discrete case (which 
works if 𝑔𝑔 is differentiable, and not “flat”).  
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Derive cdf

Ex)  Let 𝑈𝑈 ∼ 𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈 0,1 , 𝑔𝑔 𝑥𝑥 = −1
𝜆𝜆

ln(1 − 𝑥𝑥).  

What is dist. of Y: = 𝑔𝑔 𝑈𝑈 ?
Find cdf:  𝐹𝐹𝑌𝑌 𝑠𝑠 = 𝑃𝑃 𝑌𝑌 ≤ 𝑠𝑠 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽
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Ex)  𝑍𝑍 ∼ 𝑁𝑁 0,1 , 𝑌𝑌: = 𝑍𝑍2.

Cdf:  
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Pdf of affine transformation:  
𝑌𝑌 = 𝑔𝑔 𝑋𝑋 = 𝑎𝑎𝑎𝑎 + 𝑏𝑏

Ex)  Pdf of 𝑋𝑋 ∼ 𝑁𝑁(0,1) Pdf of 𝑌𝑌 ∼ 𝑎𝑎𝑎𝑎 + 𝑏𝑏
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Affine transformation:  𝑌𝑌 = 𝑔𝑔 𝑋𝑋 = 𝑎𝑎𝑎𝑎 + 𝑏𝑏

Cdf of 𝑌𝑌:
𝐹𝐹𝑌𝑌 𝑠𝑠 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽
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Fact: Let 𝑋𝑋 have pdf 𝑓𝑓𝑋𝑋 and let 𝑌𝑌 = 𝑎𝑎𝑎𝑎 + 𝑏𝑏.  Then

𝑓𝑓𝑌𝑌 𝑦𝑦 =
1
𝑎𝑎
𝑓𝑓𝑋𝑋

𝑦𝑦 − 𝑏𝑏
𝑎𝑎
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Ex)  𝑋𝑋 ∼ 𝑁𝑁 0,1 . 𝑌𝑌 = 𝑎𝑎𝑎𝑎 + 𝑏𝑏.

Pdf of 𝑌𝑌:
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One-to-one function of continuous random variable: Let 𝑋𝑋 have 
density function 𝑓𝑓𝑋𝑋, and 𝑔𝑔 be one-to-one, differentiable, with 
derivative equalling 0 at only finitely many points.  Let 𝑌𝑌 =
𝑔𝑔 𝑋𝑋 . Then

𝑓𝑓𝑌𝑌 𝑦𝑦 =
𝑓𝑓𝑋𝑋 𝑔𝑔−1 𝑦𝑦

|𝑔𝑔′ 𝑔𝑔−1 𝑦𝑦 |
.

For points 𝑦𝑦 where 𝑔𝑔−1(𝑦𝑦) exists and 𝑔𝑔′ 𝑔𝑔−1 𝑦𝑦 ≠ 0.  For other 
points 𝑓𝑓𝑌𝑌 𝑦𝑦 = 0.
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Formula for pdf when 𝑔𝑔 is differentiable

General function of continuous random variable: Let 𝑋𝑋 have density 
function 𝑓𝑓𝑋𝑋, and let 𝑔𝑔 be differentiable with derivative equalling 0 at 
only finitely many points.  Let 𝑌𝑌 = 𝑔𝑔 𝑋𝑋 . Then

𝑓𝑓𝑌𝑌 𝑦𝑦 = �
𝑥𝑥:𝑔𝑔 𝑥𝑥 =𝑦𝑦
𝑔𝑔′ 𝑥𝑥 ≠0

𝑓𝑓𝑋𝑋 𝑥𝑥
|𝑔𝑔′ 𝑥𝑥 |

.
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Ex)  𝑋𝑋 ∼ 𝑁𝑁(0,1).  𝑌𝑌 = 𝑋𝑋2.
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