Section 5.2

Distribution of a function of a random variable
(I.e., what is the dist. of g(X)?)



Ex) Let X ~ Bern(p). What is the distribution of Y := X3 + 3?

5 _
fx=0 v=_°¢ rE=7 this occurs with probability £=£

4

[

fX=1, Y = o+z =4 , this occurs with probability _2__

Thus, Y has pmf: m’(;> - =P / ?w( (¥= 2

In above example, Y = g(X) = X3 + 3, where g is a one-to-one
function. 3
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Gne-to-one function of discrete random variable: \
Let X be a discrete random variable, g a one-to-one function, and

Y = g(X).

For each value [ that Y can take, there is a value k of X such that
g(k) =1.Then,

o) = pa(k) = px(g™* (D). /

Q) X ~ Bin (2,%). What is the pmf of VX? Kete) l/7§
?x@?v%{/ beQ)y‘/z/ bp)/(z)= o Y=J% eé&/ //ﬁ;

?YQ?:?XC/O): /{l—/ F?/(D: Px(l>=’l~z"/ Pyéﬁ>°Px<ﬂ:ﬁL

)([A«LQ 7(9)7/0
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Ex) Let X be uniformly chosen from {—1,0,1}. LetY = X?.
What values can Y take? __ 2, (

py(0) = }7/\((0); 4

py (1) = P €D+l ()= %

Discrete, but g is not one-to-one

/General function of discrete random variable: Let X be a discrete r.v.\
with pmf py, letY = g(X). ThenY is discrete with pmf satisfying

D= ) px(k)
\_ k:g(k)=1 Y,




















































































































































1 RN
Q) Let X ~ Bin (n, 5)’ where n is odd. What is the pmf of cos(X)?

s @) S
= 567‘3:8;( *oevi “K T
e — K e /| /Q\L

Y et} R
Pl = & P = PX s eved) = )7

VTQ)“ o cosfpl)= i even )“ |
Pl Pl = p(K iy sAdd|= /2

VV( ) 2 co >¢rk>,_( f-mu X \/\










































































































































































































































































































































































































































































































































































































































































































































Continuous case

Above, g("discreter.v.") = "discreter.v."

Q) Is g("continuous r.v.") = "continous r.v."?
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Two methods for deriving dist of g(X)
In continuous case

1) Derive cdf

2) There is a formula for pdf of g(X) similar to discrete case (which
works if g is differentiable, and not “flat”).



Derive cdf

Ex) Let U ~ Unif[0,1], g(x) = —%111(1 — x). ANZO

What is dist. of Y: = g(U)?
Find cdf: Fy(s) = P(Y <s) = F(\ |7\ /V\(E‘X> S 5)
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Ex) Z ~ N(0,1), Y:= Z2.

cdf: )= ?(YU) = 0O b 50
For 330 F6) - P(res)= P(ES)
= ?<_—j§’§z é,/—)

- HE)- )

Pat: f6)= 5, F6) = QL@@ @(r>
= 06) - 2 <p<r>

S act T 20

fg)=0  fuor 540] - = 05) - / —

q[l/ 57/0;































































































































































































































































































































































































































































































































































































































































































































































Pdf of affine transformation:
Y=9g(X)=aX+b

Ex) Pdf of X ~ N(0,1) Pdf of Y ~ aX + b

Q(ﬁ/

374\
































































Affine transformation: ¥ = g(X) = aX + b

Cdf of Y

Fy(s) = ?/OLX"(’b §§>’; P(ng 5_,],> _

Casa [ @50  Cuge 2 w20
o e, b L E= p(xy D)
6 2 V(Xé%%: F &) Fr€)= PLX> 2
Y

- |- F)
_2 ()T L F (e §
_E/(;) oy F/(S> v Y—< > 1[}!(5),,;%) Q, F)((%))
- ’Lf %(@;’O | = “’i". )[x%>

,__/—4/7 e
= [£9)° T ()
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Ex) X ~ N(0,1). Y = aX + b.

Pdf of Y- fY(\/)* f (Y‘“>
K T~ J\/(b/ q7’>

-/






























































































































































































































ﬁne-to-one function of continuous random variable: Let X have \
density function fy, and g be one-to-one, differentiable, with
derivative equalling 0 at only finitely many points. LetY =

g(X). Then |
fx(971 ()

fr(y) = ; :
19'(97* )|
For points y where g~1(y) exists and g’'(g~1(y)) # 0. For other

\ioints fy(y) =0. /







Formula for pdf when g is differentiable

/General function of continuous random variable: Let X have density\
function fy, and let g be differentiable with derivative equalling 0 at
only finitely many points. LetY = g(X). Then

_ fx (x)
FO) = ) FIa

x:g(x)=y

\ g'(x)#0 /




Ex) X ~ N(0,1). Y = X~ ?(X)TY?' j‘&)z?x
ig6=v5= 577, s fer
;%‘76‘)‘ Y3 = 3 f=r wco

)= : fzﬁr for ¥ 22

KEET, 73
4
oF) |, 40 _ 2t == <
{2(J?)/ . _ s = Jzry Q {-v 2
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