
Section 5.1
Moment generating function
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Recall:  Distribution of r.v. 𝑋𝑋 is the set of probabilities {𝑃𝑃 𝑋𝑋 ∈ 𝐵𝐵 }, i.e., 
if you know the distribution, you can always answer “What is 𝑃𝑃(𝑋𝑋 ∈
𝐵𝐵)?”

Distribution is characterized by:
• Pdf or pmf
• CDF
• Today’s topic:  Moment generating function (MGF)
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Ex)  𝑋𝑋 ∼ 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 𝑝𝑝 .

𝑀𝑀 𝑡𝑡 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

Ex)  𝑋𝑋 ∼ 𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈[0,1], 

𝑀𝑀 𝑡𝑡 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

Def:  the moment generating function (mgf) of a r.v. 𝑋𝑋 is the function 
𝑀𝑀:ℝ → ℝ+ defined by

𝑀𝑀 𝑡𝑡 = 𝑀𝑀𝑋𝑋 𝑡𝑡 = 𝔼𝔼𝑒𝑒𝑡𝑡𝑡𝑡,      𝑡𝑡 ∈ ℝ.
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Ex)  𝑋𝑋 ∼ 𝑁𝑁(0,1)

Ex)  𝑋𝑋 ∼ 𝐸𝐸𝐸𝐸𝐸𝐸(𝜆𝜆)
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Using the mgf to generate moments
Recall:  𝔼𝔼𝑋𝑋𝑛𝑛 is the 𝑛𝑛𝑡𝑡𝑡 moment of 𝑋𝑋.

Pf (for 𝑛𝑛 = 1):  I.e., we will prove that 𝑀𝑀′ 0 = 𝔼𝔼𝔼𝔼.

Fact:                        𝑀𝑀 𝑛𝑛 0 = 𝔼𝔼𝑋𝑋𝑛𝑛,    𝑛𝑛 = 0,1,2,3 … .

5






























































































































































































































































































































































































































































































































Ex)  𝑋𝑋 ∼ 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 𝑝𝑝 , 𝑀𝑀 𝑡𝑡 = 𝑝𝑝𝑒𝑒𝑡𝑡 + 1 − 𝑝𝑝.

𝑀𝑀′ 𝑡𝑡 = ⎽⎽⎽⎽⎽⎽ 𝔼𝔼𝔼𝔼 = 𝑀𝑀′ 0 = ⎽⎽⎽⎽

𝑀𝑀′′ 𝑡𝑡 = ⎽⎽⎽⎽⎽⎽ 𝔼𝔼𝑋𝑋2 = 𝑀𝑀′′ 0 = ⎽⎽⎽⎽
⋮
𝑀𝑀 𝑛𝑛 𝑡𝑡 = ⎽⎽⎽⎽⎽⎽ 𝔼𝔼𝑋𝑋𝑛𝑛 = 𝑀𝑀 𝑛𝑛 0 = ⎽⎽⎽⎽
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𝑋𝑋 ∼ Exp(𝜆𝜆)

𝑀𝑀 𝑡𝑡 = �
∞, 𝑡𝑡 ≥ 𝜆𝜆
𝜆𝜆

𝜆𝜆 − 𝑡𝑡
, 𝑡𝑡 < 𝜆𝜆

For 𝑡𝑡 < 𝜆𝜆,

𝑀𝑀′ 𝑡𝑡 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽ so  𝔼𝔼𝔼𝔼 = 𝑀𝑀′ 0 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

𝑀𝑀′′ 𝑡𝑡 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽ so  𝔼𝔼𝑋𝑋2 = 𝑀𝑀′ 0 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽
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Equality in distribution

Notation:  𝑋𝑋 =
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑌𝑌

Def:  We say r.v.s 𝑋𝑋 and 𝑌𝑌 are equal in distribution if 
𝑃𝑃 𝑋𝑋 ∈ 𝐵𝐵 = 𝑃𝑃(𝑌𝑌 ∈ 𝐵𝐵) for all subsets 𝐵𝐵 ⊂ ℝ.

Fact:  If 𝑀𝑀𝑋𝑋 𝑡𝑡 = 𝑀𝑀𝑌𝑌 𝑡𝑡 ≠ ∞ for all 𝑡𝑡 ∈ ℝ, then 𝑋𝑋 =
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑌𝑌. 
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What if 𝑀𝑀𝑌𝑌 𝑡𝑡 = ∞ for some 𝑡𝑡?

Q) Suppose 𝑋𝑋 has MGF,  𝑀𝑀 𝑡𝑡 = �
∞, 𝑡𝑡 ≥ 4
4
4−𝑡𝑡

, 𝑡𝑡 < 4 . 

What is the distribution of 𝑋𝑋?

Fact:  If there exists 𝛿𝛿 > 0 so that 
𝑀𝑀𝑋𝑋 𝑡𝑡 = 𝑀𝑀𝑌𝑌 𝑡𝑡 ≠ ∞ for all 𝑡𝑡 ∈ −𝛿𝛿, 𝛿𝛿 , then 𝑋𝑋 =

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑌𝑌. 
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Ex)  Let 𝑋𝑋 ∼ 𝐸𝐸𝐸𝐸𝐸𝐸 𝜆𝜆 .  What is the distribution of 10𝑋𝑋?

Mgf of 10𝑋𝑋:  𝑀𝑀10𝑋𝑋 𝑡𝑡 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽
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