
Section 4.5
Exponential distribution
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Recall:  Geometric dist.

Ex)  Roll a die until you get a 5.  𝑋𝑋 = number of rolls ∼ ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

Q) What is the most likely value for 𝑋𝑋?

Pmf:  𝑝𝑝 𝑘𝑘 = 5
6

𝑘𝑘−1
⋅ 1
6
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Exponential dist. models continuous waiting 
times
Q) You are waiting at a bus stop until bus arrives.  What is distribution 

of the time you wait?
A) We need a continuous analog of geometric distribution.

Notation:  𝑋𝑋 ∼ 𝐸𝐸𝐸𝐸𝐸𝐸(𝜆𝜆),    𝜆𝜆 is called the rate.

Def: A continuous r.v. 𝑋𝑋 has exponential dist. with parameter 𝜆𝜆 > 0 if 
𝑋𝑋 has density function

𝑓𝑓 𝑥𝑥 = �𝜆𝜆𝑒𝑒
−𝜆𝜆𝜆𝜆 𝑥𝑥 ≥ 0

0 𝑥𝑥 < 0
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Exponential dist.   𝑓𝑓 𝑥𝑥 = 𝜆𝜆𝑒𝑒−𝜆𝜆𝜆𝜆, 𝑥𝑥 ≥ 0

𝜆𝜆 is large                                              𝜆𝜆 is small
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Examples
Q) Let 𝑋𝑋 ∼ 𝐸𝐸𝐸𝐸𝐸𝐸 𝜆𝜆 , 𝑡𝑡 > 0.  What is 𝑃𝑃(𝑋𝑋 > 𝑡𝑡)?

Ex)  𝑋𝑋 ∼ 𝐸𝐸𝐸𝐸𝐸𝐸 1 , 𝑃𝑃 𝑋𝑋 > 10 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

𝑌𝑌 ∼ 𝐸𝐸𝐸𝐸𝐸𝐸 1
10

, 𝑃𝑃 𝑌𝑌 > 10 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽
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Q)  𝑋𝑋 ∼ 𝐸𝐸𝐸𝐸𝐸𝐸(𝜆𝜆).  What is the distribution of 60𝑋𝑋?

Q)  𝑋𝑋 ∼ 𝐸𝐸𝐸𝐸𝐸𝐸 𝜆𝜆 ,𝑌𝑌 ∼ 𝐸𝐸𝐸𝐸𝐸𝐸 𝛼𝛼 are independent.  What is the 
distribution of 𝑍𝑍 ≔ min(𝑋𝑋,𝑌𝑌)?
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Properties of 𝑋𝑋 ∼ 𝐸𝐸𝐸𝐸𝐸𝐸(𝜆𝜆)
1. 𝔼𝔼𝔼𝔼 = 1

𝜆𝜆
, 𝑉𝑉𝑉𝑉𝑉𝑉 𝑋𝑋 = 1

𝜆𝜆2

2. 𝛼𝛼𝛼𝛼 ∼ ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽,  for 𝛼𝛼 > 0

3. CDF:  𝐹𝐹 𝑠𝑠 = �___________ if 𝑠𝑠 ≥ 0
__________ if 𝑠𝑠 < 0

4.  If 𝑌𝑌 ∼ 𝐸𝐸𝐸𝐸𝐸𝐸 𝛼𝛼 is indep. of 𝑋𝑋, then min 𝑋𝑋,𝑌𝑌 ∼ 𝐸𝐸𝐸𝐸𝐸𝐸(𝜆𝜆 + 𝛼𝛼)

5.  Memorylessness:  “Given that the bus didn’t come in the first 10 minutes, 
the probability that it doesn’t come in the next 10 minutes remains 
unchanged.”
𝑃𝑃 𝑋𝑋 > 𝑠𝑠 + 𝑡𝑡 𝑋𝑋 > 𝑡𝑡 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽
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Proof of memorylessness:

𝑃𝑃 𝑋𝑋 > 𝑠𝑠 + 𝑡𝑡 𝑋𝑋 > 𝑡𝑡 = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽
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Application example

Ex)  Model the lifetime of a lightbulb as exponential with mean 3 years.  
1. What is the probability that your new bulb breaks within a year?
2.  Your bulb has been working for 2 years.  What is the probability that 
it breaks in the next year?
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Q) Suppose that there are 3 customers waiting in line to be served by 
one of two cashiers.  Both cashiers are currently busy helping a 
customer.  The time it takes to serve a customer is distributed as 
𝐸𝐸𝐸𝐸𝐸𝐸 𝜆𝜆 (and all serving times are independent).  As soon as a 
customer is served, they exit the store.

1. What is the distribution of the waiting time for a customer to exit 
the store.

2. What is the expected value of the time it takes for all five customers 
to exit the store?
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