
Section 4.3
Applications of the normal approximation

(and confidence intervals)
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Confidence intervals
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Ex) You find a new species of bats in an unexplored cave.  
• Goal:  Determine their mean weight.
• Model:  Weight of ith bat is wi ∼ 𝑁𝑁(𝜇𝜇, 1), where 𝑤𝑤1,𝑤𝑤2, … ,𝑤𝑤𝑛𝑛 are 

independent.
• Mean weight 𝜇𝜇 is unknown. Variance is assumed to be 1 for simplicity. 

Q1)  You observe 𝑤𝑤1 what is your estimate of 𝜇𝜇?  What can you say 
about the accuracy of your estimate?

Q2)  You observe 𝑤𝑤1,𝑤𝑤2, …𝑤𝑤𝑛𝑛.  Then same as Q1.
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Q1)  You observe 𝑤𝑤1 ∼ 𝑁𝑁(𝜇𝜇, 1)

Your estimate of 𝜇𝜇 is �𝜇𝜇 ≔ ⎽⎽⎽⎽⎽⎽

Error:  �𝜇𝜇 − 𝜇𝜇 = ⎽⎽⎽⎽⎽⎽ ∼ ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽ ∼ ⎽⎽⎽⎽

Thus, 𝑃𝑃 �𝜇𝜇 − 𝜇𝜇 ≤ 2 = 𝑃𝑃 ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽ ≤ 2 ≥ ⎽⎽⎽⎽
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𝑃𝑃 𝜇̂𝜇 − 𝜇𝜇 ≤ 2 ≥ 95%

I.e., 𝜇𝜇 ∈ [⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽] with probability at least ⎽⎽⎽⎽⎽⎽⎽.

Confidence interval:  We call the interval [ �𝜇𝜇 − 2, �𝜇𝜇 + 2] a 95%
confidence interval because it contains the true parameter with 
probability ≥ 95%.
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Now you observe 𝑤𝑤1,𝑤𝑤2, …𝑤𝑤𝑛𝑛 ∼ 𝑁𝑁(𝜇𝜇, 1). 

Your estimate of 𝜇𝜇 is �𝜇𝜇 ≔ ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

Q) What is the distribution of �𝜇𝜇?

Thus, 𝑤𝑤1 + 𝑤𝑤2 + ⋯+ 𝑤𝑤𝑛𝑛 ∼ 𝑁𝑁(⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽),

and �𝜇𝜇 ∼ ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

Fact:  Let 𝑋𝑋 ∼ 𝑁𝑁 𝜇𝜇1,𝜎𝜎12 ,𝑌𝑌 ∼ 𝑁𝑁(𝜇𝜇2,𝜎𝜎22) be independent.  
Then 𝑋𝑋 + 𝑌𝑌 ∼ 𝑁𝑁(𝜇𝜇1 + 𝜇𝜇2,𝜎𝜎12 + 𝜎𝜎22).
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𝜇̂𝜇 ∼ 𝑁𝑁 𝜇𝜇,
1
𝑛𝑛

So, 𝜇̂𝜇 − 𝜇𝜇 ∼ ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

and 𝑛𝑛 𝜇̂𝜇 − 𝜇𝜇 ∼ ⎽⎽⎽⎽

So 𝑃𝑃 𝑛𝑛 𝜇̂𝜇 − 𝜇𝜇 ≤ 2 ≤ 95%

Thus, 𝜇𝜇 ∈ [𝜇̂𝜇 − 2
𝑛𝑛

, 𝜇̂𝜇 + 2
𝑛𝑛

] with probability at least 95%, i.e., 

⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽ is a 95% confidence interval.
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Ex)  After weighing 16 bats, you compute �𝜇𝜇 = 7. Give a 95% 
confidence interval.
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Confidence intervals with normal approximation
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Recall:  Normal approximation

𝑃𝑃 𝐵𝐵𝐵𝐵𝐵𝐵 𝑛𝑛, 𝑝𝑝 ∈ 𝑎𝑎, 𝑏𝑏 ≈ 𝑃𝑃(𝑁𝑁 𝑛𝑛𝑛𝑛,𝑛𝑛𝑛𝑛 1 − 𝑝𝑝 ∈ 𝑎𝑎, 𝑏𝑏 )

In other words, if 𝑆𝑆𝑛𝑛 ∼ 𝐵𝐵𝐵𝐵𝐵𝐵(𝑛𝑛,𝑝𝑝) then 𝑆𝑆𝑛𝑛 ≈ 𝑛𝑛𝑛𝑛 + 𝑛𝑛𝑛𝑛 1 − 𝑝𝑝 𝑍𝑍, 
where 𝑍𝑍 ∼ 𝑁𝑁(0,1).

Rule of thumb:  Approximation is accurate when 𝑛𝑛𝑛𝑛 1 − 𝑝𝑝 ≥ 10.
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Q) You have a biased coin that shows heads with unknown probability 
𝑝𝑝.  How to estimate 𝑝𝑝?

A)  Flip the coin 𝑛𝑛 times, let 𝑆𝑆𝑛𝑛 be number of heads, so 𝑆𝑆𝑛𝑛 ∼ ⎽⎽⎽⎽⎽⎽⎽⎽.

Take the estimate 𝑝̂𝑝 ≔ ⎽⎽⎽⎽

For large 𝑛𝑛 we may use the normal approximation:

𝑆𝑆𝑛𝑛 ≈ ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

so 𝑝̂𝑝 − 𝑝𝑝 = 𝑆𝑆𝑛𝑛
𝑛𝑛
− 𝑝𝑝 ≈ ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽
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Now, find a confidence interval

For any 𝜖𝜖 > 0,

𝑃𝑃 𝑝̂𝑝 − 𝑝𝑝 ≤ 𝜖𝜖 ≈ 𝑃𝑃 ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽ = ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽

𝑝𝑝 is unknown, so we can’t calculate RHS, but we can bound it.  

Note:  𝑝𝑝 1 − 𝑝𝑝 ≤ 1
4

for any 𝑝𝑝 ∈ 0,1 so 𝑝𝑝 1 − 𝑝𝑝 ≤ 1
2
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Plug in the bound 𝑝𝑝 1 − 𝑝𝑝 ≤ 1
2

to give

𝑃𝑃 𝑍𝑍 ≤
𝑛𝑛𝜖𝜖

𝑝𝑝 1 − 𝑝𝑝
≥ 𝑃𝑃 𝑍𝑍 ≤ 2 𝑛𝑛𝜖𝜖

That chain of inequalities (with normal approx.) gives:  
𝑃𝑃 𝑝̂𝑝 − 𝑝𝑝 ≤ 𝜖𝜖 ≥ 𝑃𝑃( 𝑍𝑍 ≤ 2 𝑛𝑛𝜖𝜖)

Now choose 𝜖𝜖.  For instance, taking 𝜖𝜖 = 1
𝑛𝑛

gives

𝑃𝑃 𝑍𝑍 ≤ 2 𝑛𝑛𝜖𝜖 = P Z ≤ 2 ≥ 95%

I.e., [𝑝̂𝑝 − 1
𝑛𝑛

, 𝑝̂𝑝 + 1
𝑛𝑛

] is a ⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽⎽
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Q)  You flip a biased coin 10,000 times and get 
3,000 heads.  Give a 99.7% confidence interval for 
the probability 𝑝𝑝 that the coin lands on heads.
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Ex)  Polling.

“Latest poll shows 65% approve of free university tuition with a margin 
of error of 3 percentage points.”  
What does this mean?  The poll only sub-sampled the relevant 
population.  Let 𝑝𝑝 be the proportion of the population that approve.  
Then  [0.65 − 0.03, 0.65 + 0.03] is a confidence interval for 𝑝𝑝
(typically 95%).

Q)  How many people had to be polled?
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