Section 10.2

Conditional distribution for jointly continuous r.v.s
(Cliff notes: Analogous to discrete case)



Recall: Discrete case

For discreterv.s X, Y:

7 (%= [v=y)

T pxy ()

* Conditional pmf: pyy(x|y) =

py(y)

» Conditional expectation: E[X|Y = y] = X, x px;y (x]y)

P % Y)
et

‘&) = é frt) (¥

E[g(X)|Y = y] = % 96 Py @V

e [E[X] = g FXir=y] p.6)

2















































































































































































































































































































































































































Continuous case: Analogous to discrete

ﬁef: Let X, Y be jointly continuous. The conditional density function of X givﬁ
Y = y IS 'F;(lY(X)YL

]fX|Y(x|y) = ___ Fr(\/)

The conditional expectation of g(X) givenY = y is

Elg(x)|Y =y]| = [0 9K) f)(/y(x’}o Ax

The conditional probability that X € A, givenY =y is

K P(X € AlY = y) = A/ Fy Ot) d /

* Defined for y such that fy(y) > 0.
* Looks like Bayes rule, but isn’t a direct application since P(Y = y) = O





































































































































































































































Intuition for definition

P(xefx, +&) [yep,v+87)

Claim: fxy(x|y) = , ya
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Ex) Let X,Y ~Unif(B), where B = {(x,y):x%> + y? < 1}. Lety €
(—1,1). What is the conditional distribution and expectation of X given
Y =y7? £6,y)
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Averaging conditional expectations

Note: By definition fy y(x,y) = fxy(x|y) £p<y)
Thus,

‘&

act: Let X, Y be jointly continuous, then \

£ O
fx(x) = [-" #*z\.'(%’” dV = [J 7E’“r’m)()’ ﬁYM a(y

(nd Eg(X) = Ljﬂ:fﬁkﬂfr /] b0 Ly

* Assuming conditional expectations are well defined.
 If f,(y) = 0, integrand is 0 (not undefined).
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Bayeslan statistics L. Lok s rewden

Ex) Suppose that you find a new/’species of bat and model the weight
of a particular bat as X ~ N(Y) 1) kilograms where Y is random and

Y ~ N(0,1). (Assuming a universe that allows negative weight...) You
measure the weight of one bat to be 2 kilograms. What is the

probaa ity that Yy <1°v
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  X , Y


   p  X | Y  ( x | y ) =    p  X , Y  (  x , y )   p Y ( y )


  𝔼  [ X |  Y = y ] =  ∑ x  x    p  X | Y ( x | y )


  𝔼  [  g  ( X ) |  Y = y ] = ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽


  y


   f Y  ( y ) > 0


  P  (  Y = y ) = ⎽ ⎽ ⎽ ⎽


  X , Y


  X


  Y = y


   f  X | Y  ( x | y ) =   ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ .  


  g ( X )


  Y = y


  𝔼  [  g  ( x ) |  Y = y ] = ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽


  X ∈ A ,


  Y = y


  P  (  X ∈ A |  Y = y ) = ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽


   f  X | Y  ( x | y ) ≈


  X , Y ∼


  ( B )


  B = {  (  x , y ) :  x 2 +  y 2 ≤ 1 }


  y ∈  (  − 1 , 1 ) .


  X


  Y = y ?


   f  X , Y  (  x , y ) =  f  X | Y  ( x | y ) ⋅ ⎽ ⎽ ⎽


   f Y  ( y ) = 0 ,  


  X , Y


   f X  ( x ) = ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽


  𝔼 g  ( X ) = ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽ ⎽


  X ∼ N ( Y ,   1 )


  𝒀


  Y ∼ N ( 0 , 1 )


  Y ≤ 1

