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Special Instructions:

One 3 inch by 5 inch index card of notes allowed. No memory aids are allowed. No calculators
may be used. Show all your work; little or no credit will be given for a numerical answer
without the correct accompanying work. If you need more space than the space provided,
use the back of the previous page and indicate that you have done so. Where boxes are
provided for answers, put your final answers in them.
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4 10
5 10
6 10
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Total 70




1. (10 pts) Find an orthonormal basis of eigenvectors for the following matrix:
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2. Determinants!

(a) (3 pts) Let
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Calculate det(A).

Answer

(b) (3 pts) Let A € R33 be a diagonalizable matrix and suppose you are given the
eigenvalues Aj, Ao, A3. Is that enough information to determine det(A)? If so, what
is det(A)?

Answer

(c) Let A € R*3 and suppose you are given the singular values oy, 09, 03.

i. (2 pts) Is that enough information to determine det(ATA)? If so, what is
det(AT A)?

Answer

ii. (2 pts) Is that enough information to determine det(AAT)? If so, what is
det(AAT)?

Answer




. (10 pts)

Solve the differential equation given initial conditions z1(0) = 1, z5(0) = 1.

d

() = @ (t) + 2ma(t)
d

Ja(t) = 221 (1) + daa (1)

Answer




4. (10 pts) You are attempting to solve for xy, z5 in the matrix equation Az = b where
11 0
. 1 2 |1 . 0
A=1y g 7= { } b=
1 4 1

There is no exact solution, so instead find a ‘least squares’ choice b in the column space
of A (and hence with ||b — b|| being minimized) and solve the new system Az = b for
1, xo. Include b x1, and x5 in the answer box. Hint: Remember that there is a way to
check your answer!

Answer




5. Find the matrix!

(a) (5 pts) Let A be a 3 by 3 matrix of your choosing. From the orthogonality relation,
R(A) = N(AT)L we know that it is impossible for R(A) to be equal to N(AT).
However, is there some choice of A which satisfies R(A) = N(A)? If so, find one,
and give its SVD (any form). If not, why not?

Answer

(b) (5 pts) Let A be a 4 by 4 matrix of you choosing. Is there some choice of A which
satisfies R(A) = N(A)? If so, find one, and give its SVD (any form). If not, why
not?

Answer




6. (10 pts) Consider the inner product space of degree-2 polynomials over R: V = {a+bx +
cx? : a,b,c € R} with inner product

< fog>= /_1 f(x)g(x)dz,  figeV.

This inner product induces a norm:

A= v< o f >

Consider also the subspace of degree-1 polynomials U = {a + bz : a,b € R}.
Let g(z) =1+x+ 22 € V.
Find the degree-1 polynomial, f € U which minimizes

[1(z) = g()]]

over all f e U.
Hint: Your first guess may be f(x) =14 x, but this is not correct.

Answer




7. (10 pts) We start this question by inductively building a large matrix. Let

1 1
w=li
and let
Hir E’“ _i;k] R k=123,
For example,
1 1 1 1
1 -1 1 -1
=1 1 21 4
1 -1 -1 1

Let y = [1,2,3,...,2'%7 ¢ R?". Let 2 be the solution to
Higoz =y.

What is the value of the first entry of 7

Answer

The End



